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Abstract
In recent years extremely small satellites have been developed in response to trends in
the space industry to achieve more for less cost. Extremely lightweight and efficiently
packaged deployable structures are essential for achieving large-scale applications including
communication antennas, solar arrays, and in recent years, deorbiting drag-sails.
This thesis is motivated for developing novel deployable helical antennas for space-based
maritime surveillance. The helical antenna technology provides packaging efficiency and
radio frequency characteristics superior to the latest efforts of international research groups.
To achieve this, the research presented focuses on developing the proven bistable composite
slit tube (BCST) deployable technology. These are open-section tubular structures which
can be deployed and rolled up into a compact coil, analogous to a tape measure, but do not
require constraint to remain stowed. This behaviour is referred to as bistability and enables
lightweight and relatively simple deployable structures for spacecraft applications.
New forms of BCST are modelled through the introduction of additional curvatures, man-
ufactured and described in this work with two new subcategorisations established: toroidal
and helical. Toroidal BCSTs are doubly curved with both principal curvatures initially
non-zero in the deployed stress-free state. Helical BCSTs are doubly curved and twisted
out-of-plane. Investigations into the effects of geometrical parameters and laminated com-
posite material properties on the bistable coils of both types are presented. The results
provide an understanding of bistable behaviour in new forms of BCST previously neglected
in the literature, which is almost exclusively focused on straight forms. As a consequence of
this research, new deployable structure technologies are envisaged in the areas of compact
terrestrial shelters and small satellite communications.
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Chapter 1
Introduction
1.1 Motivation
In recent years extremely small satellites have been developed in response to trends in the
space industry to achieve more for less cost. By the turn of the millennium, the ‘CubeSat’
marked the culmination of this development, enabling low cost opportunities and ushering
a new era in space experimentation [1]. A CubeSat is a cube satellite of sides 10 cm and
1 kg in mass - contrasting markedly to conventional satellites on the order of several metres
and hundreds if not thousands of kilograms. The CubeSat denotes a standardised unit size
of 1 ‘U’. These units can be standalone spacecraft or coupled together for larger and more
capable satellites such as 3U shown in Figure 1.1. Miniaturisation, increased capability
and very low power consumption electronics proved revolutionary to the semiconductor,
computer and consumer electronics industries and it was hoped to be as relevant to the
space industry.
Following the first CubeSat launch in 2003, only 8 of the first 36 survived launch and
operated successfully. By the hundredth CubeSat - launched in 2012 - the majority of
failures turned out to be university-led projects [4]. Despite the sustained failure rate
during this pathfinding period, an increase in the number of missions mitigated the impact
of failure. Perseverance of early adopters and launch providers was critical and indeed
small satellites are becoming more capable and successful over time with the probability of
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(a) The Aalburg University
(AAU) 1U CubeSat [2]
(b) The Space and Missile Defense Command -
Operational Nanosatellite Effect (SMDC-ONE) 3U
CubeSat [3]
Figure 1.1: 1U and 3U CubeSats
mission success significantly higher for organisations that had previously developed at least
two satellites [5].
Communications remain a major bottleneck for CubeSat functionality [6]. CubeSats require
compact and deployable solutions as their extremely small volume and low power restricts
the size and types of antenna available to use. Typically monopole or dipole antennas are
used for telemetry and data transmission. These are omnidirectional, low-gain and operate
around 447 MHz but achieve poor data rates, generally on the order of Kbps. Data rates a
thousand times greater on the order of Mbps are required for multimedia download.
Gain is a key design characteristic and combines an antenna’s directionality and electrical
efficiency. Gain describes how well an antenna converts input power into radio waves trans-
mitted in a specific direction and visa versa when receiving. Therefore, a high-gain antenna
enables sensitive and low power communication systems. Low power consumption is crucial
given the few Watts of available power in a CubeSat. Good sensitivity is important for ap-
plications where the incoming signals are weak e.g. automatic identification system (AIS)
signals.
AIS is a maritime safety and vessel traffic system imposed by the International Maritime
Organization (IMO) and used for identification, monitoring and collision avoidance of large
ships [7]. The regulation “...requires AIS to be fitted aboard all ships of 300 gross tonnage
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and upwards engaged on international voyages, cargo ships of 500 gross tonnage and upwards
not engaged on international voyages and all passenger ships irrespective of size. The
requirement became effective for all ships by 31 December 2004”.
AIS operates around 162 MHz (in the very high frequency (VHF) band, 30–300 MHz)
and coverage depends on the altitude of the antenna used. Ship-to-ship communications
range is typically 37 km (20 nautical miles) and shore-to-ship around 74 km (40 nautical
miles), limited by ships disappearing over the horizon. This creates the demand from
shipping companies for deep sea vessel and shipping route monitoring to ensure their assets
are safe, particularly from piracy along certain routes. A promising solution in achieving
long-range identification and tracking services at marginal cost takes the form of space-
based automatic identification system (S-AIS) receivers in low Earth orbit (LEO) [8]. S-
AIS would have line-of-sight to the horizon of more than 1,850 km (1,000 nautical miles).
The Canadian Advanced Nanosatellite eXperiment-6/Nanosatellite Tracking Ships (CanX-
6/NTS) satellite - with an original target lifetime of one month - demonstrated this for
the first time in May 2008 [9] and continued to operate for over four years. Pioneering
S-AIS missions over the 2007–2010 period proved promising yet lacked global coverage,
constellations of small and cheap satellites would be required for this [10]. Indeed, a number
of these early demonstrators would begin to comprise the first ever and first European S-AIS
services, exactAISTM and LuxSpace, respectively. Other S-AIS businesses like Spire Global
underline growth in the emerging and global space economy.
However, AIS was not originally designed for in-space reception leading to some technical
challenges that limited the performance of early S-AIS [11], namely the interference of
AIS signals transmitted simultaneously from thousands of vessels captured in the wide
coverage area of omnidirectional antennas. As an analogy, this is similar to over exposure
when recording an image. Busy shipping routes, ports and their local vicinities may bare
host to over 5,000 ships. As a result of this, coupled with AIS’s technical limitations,
ship detection probability becomes a key metric in space mission analysis and design [12].
Detection probability is inversely proportional to the number of ships within the coverage
area but proportional to observation time. Observation time can be increased with swath
width. However, in doing so, the coverage area and number of ships simultaneously observed
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is increased, thereby decreasing detection probability. An example omnidirectional S-AIS
receiver is shown in Figure 1.2 for the exactView-9 satellite and its ship detection about the
equator. exactEarth Ltd’s approach to this problem of detection probability is to achieve
fast revisit times using a large constellation of satellites in LEO, establishing over 70 S-AIS
payloads - hosted on modern but traditionally large Iridium NEXT satellites - to provide
the world’s first global and persistent real-time S-AIS data service [13].
(a) exactView-9 satellite with a pre-deployed
monopole antenna to receive AIS signals
(b) Ship detection over 2 days in 2016. exactView-9
orbits at an altitude of 650 km and 6◦ inclination
Figure 1.2: As of 2017, exactView-9 is the latest addition to exactEarth Ltd’s global and growing
AIS data service, exactAISTM [14]
Higher flexibility and lower cost S-AIS missions are possible with fewer satellites using tar-
geted coverage approach with directional antennas. This is much better than non-directional
antennas which observe areas up to 5,000 km in diameter and thus become overwhelmed by
large numbers of incoming signals [15]. In August 2014, AISat demonstrated the first in-
space use of an axial - directional - helical antenna to detect AIS signals from ships [16, 17].
The satellite operated at an altitude of 660 km and used a narrow beam targeted at a
much smaller area just 750 km in diameter. With detection probability greatly improved,
coverage - which had now been sacrificed - may be recovered using beam forming - pointing
- techniques [11].
In helical antenna design, directionality and gain are purely geometrically dependent [18].
When the helical antenna operating frequency and diameter are so intimately coupled,
the first problem arising is how to shrink the stowed size and secondly how to deploy the
antenna in space (Figure 1.3). AISat featured a 57 cm diameter, 4 m long helical antenna
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- suited to receiving AIS signals around 162 MHz - which deployed like a spring. There
are many stowage and deployment methods being investigated such as scrunch up, roll up,
origami and actively controlled deployment mechanisms. Inherently small helical antennas
designed for higher frequencies more easily fit inside a CubeSat [6, 19–22]. Promisingly,
compact high-gain antennas for lower frequencies down to 300 MHz - approaching those of
AIS - can be made to fit in small satellites [23, 24] and even 0.5U volumes [25] although
their uncontrolled deployment strategy leads to highly unpredictable pointing and vibration
effects on the satellite.
(a) AISat’s helical antenna for
162 MHz AIS [16, 17]
(b) A helical antenna for 400 MHz ca-
pable of stowing into 0.5U [25]
(c) A helical pantograph antenna for 365 MHz [22] (d) A conical log spiral antenna
for 300–600 MHz [23, 24]
Figure 1.3: Approaches to compactly stowing and deploying helical antennas for small satellites
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In the mid-1990s the concept of a rollable helical tube was proposed and verified [26–28]
which could serve as the antenna and structure for such, as shown in Figure 1.4. Manufac-
tured out of copper beryllium alloy, the helical tube was 60 cm in diameter and featured a
slit along its length so that it could be flattened and rolled up into a compact coil only a
few centimetres in diameter. Using this versatile structure, a compact coil could be housed
inside a CubeSat, launched into space and unroll into a large helical antenna for S-AIS
reception.
Figure 1.4: Concept and laboratory demonstration of a rollable helical slit tube [26, 27]
Figure 1.5: A CubeSat housing mechanism providing constraint to the coil using springs and
deployment using a central rotating spindle [29]
The coil requires constraint - provided by the technician’s hands in this case - to keep
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from uncontrollably deploying like a tape measure. In addition, a deployment strategy is
required for unrolling the coil in space. Figure 1.5 shows a suitable mechanism typically
used in CubeSats for these two purposes. However, mechanisms add mass and complexity
with neither being desirable when aiming for a simple and low cost CubeSat. A solution
removing the need of constraint presents itself by replacing the copper beryllium alloy with
bistable composite material.
(a) Deployed tube and rolled up stable
coil without need of constraint
(b) Oxford Space Systems’ (OSS’) 1.5 m long
AstroTubeTM on the AlSat-1N CubeSat [30, 31]
(c) Four of Rolatube Technology Ltd’s (RTL’s) booms used to deploy InflateSail’s drag sail [32]
Figure 1.6: A bistable composite slit tube and space demonstrations on AlSat-1N and InflateSail
Bistable composite materials exhibit attractive and versatile behaviour [33]. Their mechan-
ical characteristics bestowed upon them by tailoring the composition and deployed shape
allow them to happily take either one of two stable, unconstrained configurations as shown
in Figure 1.6. This material forms a simpler and lower mass solution which has contributed
to successful in-space demonstrations on the AlSat-1N and InflateSail CubeSat missions
[30–32]. Specifically, both missions used bistable composite slit tubes (BCSTs) - a type of
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ultra-thin boom which will be reviewed later - to deploy the first ever retractable CubeSat
boom and drag sail.
Investigations into the bistable behaviour of straight slit tubes span the past two decades
and it is well understood in principle how second stable states may be engineered. Bridging
the gap between understanding the coiling behaviour of straight and helical tubes requires
consideration of additional geometry in the form of additional curvatures, two to be precise:
doubly curved and twisted. The motivation for this thesis is to address this gap.
1.2 Research Novelty
This thesis details how new forms of bistable slit tube behave. This is achieved by intro-
ducing additional curvatures and new composite engineering methods not considered in the
literature. The following list outlines the novel contributions presented in the thesis:
• Model, manufacture and characterise the bistability of doubly curved (toroidal) com-
posite slit tubes
• Model, manufacture and characterise the bistability of doubly curved and twisted
(helical) composite slit tubes
1.3 Aims
The motivation and novelty for this work translate into the following aims:
• Investigate the bistable behaviour of doubly curved (toroidal) composite slit tubes
• Investigate the bistable behaviour of doubly curved and twisted (helical) composite
slit tubes
• Develop new techniques to manufacture new forms of bistable structure
• Explore new deployable concepts and potential applications using new forms of bistable
composite slit tube
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1.4 Objectives
To achieve the stated aims of the thesis, the following tasks are required:
• Review literature on deployable structures for space applications to identify the types,
application, advantages and disadvantages of each
• Review literature investigating bistability of materials to identify the methods used,
their benefits and limitations
• Gain a deep understanding of differential geometry for application in building new
models which account for additional curvature in doubly curved and twisted tubes.
Specifically for doubly curved tubes:
– Characterise the subset of positively and negatively curved tubes, as defined by
the location of the slit about the cross-section
• Gain a deep understanding of modelling optimisation techniques for application in
the analysis of bistable behaviour using strain energy minimisation approaches
• Gain extensive hands-on experience in manufacturing straight and bistable laminated
composite slit tubes to understand the materials and tooling used, limitations, sources
of error and areas for innovation
• Validate new toroidal and helical models with experiments
1.5 Summary of Each Chapter
Chapter 2 reviews a limited range of the literature on deployable structures for space ap-
plications given the topic is so vast and advancements from groups worldwide are being
published constantly. Space structures in this review are broadly categorised as trusses, in-
flatables and ultra-thin booms and reviewed for their relative advantages and disadvantages.
Different types of ultra-thin boom are specifically outlined.
Chapter 3 outlines the fundamental properties of surfaces and laminated composites relevant
to the numerical models developed in this work. The established approaches for modelling
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and manufacturing straight bistable composite slit tubes are reviewed.
Chapter 4 commences by outlining the modelling approach developed, capable of intro-
ducing a second principal curvature into bistable composites to produce toroidal (doubly
curved) bistable composite slit tubes. A detailed overview of the model setup, strain en-
ergy optimisation and analysis, and computational considerations are presented for two
subclasses of toroidal tube - positively and negatively curved - defined by the location of
the slit. Two new manufacturing methods are presented for short and long toroidal tubes,
followed by toroidal model validation with experiments and comparisons between positively
and negatively curved tubes, in addition to further analyses. The chapter concludes by
reviewing the toroidal investigation.
Chapter 5 commences by outlining an improved model that introduces an additional cur-
vature - twist - into toroidal bistable composite slit tubes. A detailed account of the helical
(doubly curved and twisted) tube model setup, strain energy optimisation and analysis is
presented which demonstrates a unique requirement for tailoring the angle of an inserted
middle ply to achieve untwisted coil bistability. Multiple bistable states of middle ply an-
gle and coil radius are predicted for particular helical geometries. A new manufacturing
method derived from toroidal tube manufacturing is presented followed by model validation
and further analyses. The chapter concludes by reviewing the helical investigation.
Chapter 6 concludes the thesis by reviewing the outcomes of this work. Possibilities for
further work are proposed including laterally curved toroidal tubes and progressing devel-
opment of a deployable helical antenna comprised of a bistable structure.
10
Chapter 2
A Brief History of Deployable
Structures in Space
Alongside the deepest oceans, space represents one of the unexplored arenas for human
endeavour. We have evolved looking up to the sky in wonder for what is out there. Human
curiosity, ambition and sense of adventure have led to many big and bold ideas particularly
during the space race in the late 20th century. Colossal space stations, habitats on asteroids,
moons and other planets, and space-based infrastructure to rival those on Earth were con-
ceived during this time inspired by fast paced progress and science fiction. Amongst these
space infrastructure concepts were vast solar arrays for generating and transmitting power
down to Earth, and reflectors for communication and solar sailing applications (Figure 2.1).
The optimism that inspired such grand ideas has since calmed as economic reality, political
will and new terrestrial problems redirect our attention and recalibrate our expectations.
Although a respectable number of exploratory missions have been conducted in recent years
(Mars rovers, an asteroid sampling mission and planetary surveyors, to name a few), no
longer are humans sent to other worlds or truly inspirational spacecraft, such as the Voyager
probes, on grand voyages through and out of the solar system. One of the unexpected and
primary uses of space today is Earth observation.
The space sector is a thriving industry in the Information Age with the majority of satellites
launched into LEO or geostationary Earth orbit (GEO) to observe weather, climate and
11
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(a) Department of Energy (DoE)/National
Aeronautics and Space Administration
(NASA) solar power system [34, 35]
(b) Heliogyro solar sail [36, 37]
Figure 2.1: Grand space-based infrastructure ideas and concepts
agriculture, and for mapping, military and communication purposes. Rockets are tending
to focus on efficiency both from an economic and engineering perspective, and so are our
satellites in response. Deployable structures are essential for spacecraft applications due to
the payload size limitations of launch vehicles and limited human presence in space - the
International Space Station (ISS) in LEO - since retirement of the American Space Shuttle.
A sample of launch vehicles is given in Table 2.1.
Table 2.1: A sample of the most commonly used and established launch vehicles
Operator Rocket Fairing Mass to Launch Cost
Diameter (m) LEO (kg) (millions of £s)
Arianespace Ariane 5 [38, 39] 5.4 20,000 122–162
ULA Atlas V [40] 4 7,680 80
ULA Delta II [41] 3 6,000 37
SpaceX Falcon 9 [42, 43] 5.2 23,000 45
JAXA H–IIA [44, 45] 4 10–15,000 59
Roscosmos Soyuz [46] 4.1 7,800 variable
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Given these options, it is clear that piggybacking small satellites such as CubeSats add
negligible mass and cost to the launch making them extremely attractive for low cost space
experimentation. The main challenges for deployable space structures are compact stowage,
reliable and predictable deployment, and structural performance after deployment.
2.1 Trusses
Conventional Earth-based frame structures such as bridges and canopies are effective in-
frastructure due to their strength, stiffness, lightness and scalability. A couple of notable
examples are San Francisco’s Golden Gate Bridge decking and Manchester University’s
Jodrell Bank Radio Telescope as shown in Figure 2.2.
(a) San Francisco’s Golden Gate Bridge [47] (b) Jodrell Bank Radio Telescope [48]
(c) Deployed ISS solar array supported by a central X-beam
boom [49]
Figure 2.2: Notable terrestrial and space applications of static and deployable trusses
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Space trusses are direct descendants and made deployable using frameworks of vertical and
horizontal struts, longerons and battons respectively, and pinned instead of rigid joints. The
X-beam boom (Figure 2.3) could fold up to a stowed volume 5% its deployed length and
consisted of extendable modules to structurally support each ISS solar array wing as shown
in Figure 2.2. Each solar array wing consisted of a central deployment mast and two solar
array sheets either side, measuring 34 m long by 12 m wide, which unfold like an accordion
[50]. Even on this scale deployable trusses achieve very good deployment accuracy and
structural performance.
(a) Unfolding X-beam [51] (b) The coilable truss [52]
(c) The deployed and stowed triangular coilable truss using composite tape longerons (cross-section
illustrated) [53]
Figure 2.3: Deployable trusses
Trusses are optimal and their complexity justified for large space structures and booms
on the order of tens of metres but suffer decreasing effectiveness at smaller scales [52].
One superior variant of the X-beam truss is the coilable boom, which uses continuous and
rolled up - instead of folded - longerons [54]. A simpler, lighter and more compact boom is
achievable using stored elastic energy for deployment and given that no hinges are required
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as shown in Figure 2.3. The coilable truss stows to 2% its deployed length.
At high slenderness ratios the mechanical performance of these trusses is limited by their
narrow longeron rods. Longerons of small diameter enable simpler stowage and deployment
but at the cost of bending stiffness and axial compression strength.
A stronger, stiffer and even lighter variant on this is achieved by using composite material
tapes for the longerons [53] as shown in Figure 2.3. The longerons cease to be narrow solid
rods and instead resemble larger diameter triangular rollable and collapsible (TRAC) booms
that enable longer and wider trusses of lower mass - the TRAC boom is reviewed later.
The triangular truss from German Aerospace Center (DLR) [53] is specifically designed for
gossamer structure applications - large and ultra-lightweight membranes. These are good
for solar sailing and large aperture reflecting antenna applications, however, these truss
systems do not yet scale down to fit inside small satellites.
2.2 Inflatables
Inflatable structures have been developed since the early days of space research to investigate
alternative stowage and deployment technologies [55]. After multiple launch, satellite and
inflation failures, the ECHO project in the 1960s that consisted of two satellites, exemplified
the politically fuelled ambition, optimism and ultimately ignorance of the time. The latter
of these satellites, ECHO II comprised of a large inflatable and rigidisable sphere made of
very thin Mylar plastic material, 30 m in diameter as shown in Figure 2.4, to be used as
reflector antennas for passive communications [56, 57]. In principle, only three - admittedly
large - equally spaced reflectors in GEO would be required to enable democratised and
global communications networking [58]. Once launched into orbit, the satellite used a sub-
limating material to inflate the balloon past the surface’s yield point and deposit material
for rigidisation. ECHO II was used for the very first space-relayed transmission of a prere-
cording - by the then President Einsenhower - from California to New Jersey, a distance of
around 3,800 km. ECHO II continued to orbit for 8 years demonstrating robustness of the
rigidised shell in the micrometeoroid environment. Although the experiment was successful
and provided useful propaganda for the United States, the signal strength was extremely
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poor as the spherical reflector would bounce incoming signals in all directions. Commer-
cially viable communication satellites required active electronics and lower mass systems
using more efficient stowage methods and use of materials. Only a handful of space experi-
ments would continue using large inflatable spheroids for: two American Earth atmospheric
probes (1961 and 1963) [59], two Russian Venusian atmospheric probes (1985) [60, 61], the
Mars Pathfinder landing system (1997) [62], an optical calibration sphere (2000) [63] and in-
space human habitation (1997, 2006 and 2007) [64–66] fore-fronting ongoing commercially
inspired developments (2016) [67, 68].
(a) 30 m reflector ECHO II [69] (b) 3.4 m VEGA bal-
loon Venus probe [70]
(c) 3.5 m optical calibration
sphere OCSE/IOSS [71]
Figure 2.4: Thin inflatable spheres for space
In 1985 the Soviet Union’s VEGA probes were inserted into the Venusian atmosphere for
meteorological measurements. The two identical VEGA probes consisted of a balloon,
tether and a gondola of instruments [60, 61] as shown in Figure 2.4. The 3.4 m flexible and
reinforced Teflon plastic balloon was designed to inflate with a certain amount of helium to
achieve around 500 mBar of pressure, enabling the system to float about the Venusian 54 km
target altitude. The balloon demonstrated the feasibility of atmospheric probes tailored for
specific altitudes by expending all its available battery power, operating for around 46 hours
and covering one third of the planet’s circumference.
Further advances in rigidised inflatables inspired by the ECHO project led to the Optical
Calibration Sphere Experiment (OCSE) or Inflatable Optical Sphere System (IOSS) satel-
lite, consisting of a thin aluminised kapton sphere 3.5 m in diameter and stowed in a small
48 x 41 cm canister (Figure 2.4). OCSE provided a laser calibration target for the United
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States Air Force and orbited for around a year. This was a shorter duration than expected
due to elevated solar activity and thereby increased atmospheric drag. Accounts recall
that samples of the rigidised shell resembled hard polyvinyl chloride (PVC) or bamboo
[72].
Larger and more robust inflatable systems with thick multilayered shells would be developed
for interplanetary vehicles to transport humans to Mars and as replacement to rigid ISS
crewed modules. In principle these systems are excellent in providing a means to compactly
stow, deploy and pressurise a large habitable volume. In 1997 TransHab was NASA’s first
attempt to design a module double the diameter of existing rigid ones [64] (Figure 2.5).
TransHab would be inflated from 4.3 to 8.2 m in diameter, provide good living area over
four levels spanning 11 m in length and crucially, was feasible for launch thanks to the
Space Shuttle’s 4.4 m payload bay which was still in service at this time. The 33 cm thick
multilayered shell consisted of internal barriers and bladders, structural layers, microme-
tereoid/orbital debris shields and an external thermal protection blanket [73]. However, the
programme was cancelled citing delays, increased ISS development costs and consequently
licensed out to private industry. The complex design of materials for inflatable structures
is a reoccurring issue.
(a) NASA’s 11 m
long, 8.4 m wide
TransHab [64]
(b) Bigelow Aerospace’s 4.4 m
long, 2.5 m wide inflatable habi-
tat, Genesis [66]
(c) Bigelow Aerospace’s 4 m long, 3.2 m wide
BEAM module undergoing inflation whilst
docked to ISS [74]
Figure 2.5: Inflatable habitat developments
Bigelow Aerospace acquired ownership of the TransHab architecture to develop and demon-
strate inflation and deployment in LEO (Figure 2.5). Bigelow Aerospace successfully
launched two one-third-scale Genesis 1 and 2 modules in 2006 and 2007 [65, 66]. These
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smaller modules were designed to minimise the development costs and adhere to launch sys-
tems available (Table 2.1) to progress the development roadmap for enabling manned com-
mercial space services [67]. The latest Bigelow Expandable Activity Module (BEAM) exper-
iment onboard ISS advanced compact inflatable technology much further [75]. Whereas the
TransHab and Genesis modules comprised of a cylindrical core structure surrounded by an
inflated volume, BEAM almost entirely consists of flexible shell as shown by its deployment
in Figure 2.5. This inherently light, compact and modular architecture is the precursor to
larger inflatables for entire space stations [68].
These developments in manned space exploration reiterate the trend in the space indus-
try to achieve more for less cost. Compactly stowed and low-mass space experiments are
developed in response to devolving launch vehicle capabilities, economic pressures and po-
litical priorities. These factors were not as prevalent during the early experiments of ECHO
and VEGA. Consequent development of large, active and economically viable communica-
tion satellites have focused on even more efficient inflatable structures such as hoops and
tubes.
The 1990s marked rapid research activity by L’Garde, Inc. in inflatable hoops and tubes
in pursuit of lightweight and compactly stowed antennas, solar arrays and solar sail struc-
tures. In the early 1990s the Inflatable Torus Solar Array Technology (ITSAT) project
aimed to improve the power generation capability per unit mass of satellite [76]. Present
rigid body-mounted solar array designs may have exceeded mass and volume restrictions
for systems more than 100 W whereas deployable, thin and flexible solutions could enable
small satellites. ITSAT consisted of a 200 W class solar array wing 3.6 m long and 1.1 m
wide (Figure 2.6), costing between one half to two thirds that of competing systems. Two
flexible plastic-aluminium laminated tubes formed the long sides of the wing, were inflated
with nitrogen and the pressure increased to stress the material past its elastic limit, pro-
viding rigidity to the structure without needing sustained gas pressure. The project found
that material thickness should be minimised to improve packaging and keep the mass low,
avoid sharp corners due to stress concentrations and use simple designs, which are more
reliable.
In 1996 the Space Shuttle Endeavour carried an inflatable parabolic reflector antenna ex-
18
2.2. Inflatables
(a) ITSAT prototype [76] (b) IAE fully deployed in LEO [77]
(c) Inflatable SAR developed
by JPL/ILC Dover (top) and
JPL/L’Garde (bottom) [78]
(d) JPL’s/ILC
Dover’s horseshoe-
shaped reflectarray
[78]
(e) JPL’s/ILC Dover’s rectangular reflec-
tarray with tape-spring reinforced inflat-
able tubes [78]
Figure 2.6: Inflatable structure developments for solar array and antenna applications
periment (IAE) into space (Figure 2.6). IAE pioneered the first large scale, high precision,
multiple-structural element inflatable space structure in orbit and developed new packaging
techniques for thin membrane reflectors which may be doubly curved [79]. The structure
consisted of three struts and a hoop that tensioned the reflector membrane. Success of IAE
initiated serious consideration for inflatables in space antenna applications. Around the
same time NASA’s Jet Propulsion Laboratory (JPL) commenced its own work on inflatable
planar and reflector antennas - in collaboration with L’Garde, Inc. and ILC Dover, Inc.
- for synthetic aperture radar (SAR) and future deep-space communications [78]. SAR is
used for high-resolution Earth observation. Two, one-third scale (3.3 m long, 1 m wide)
inflatable SAR demonstrators both similar in design to ITSAT - an inflatable rectangular
frame - achieved excellent surface precision and thereby suitable radio frequency (RF) char-
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acteristics (Figure 2.6). Although the RF tests were successful, folding of the membrane was
not performed due to the degrading effect introducing significant creases into the antenna
elements would have. This critical yet untested aspect remains undeveloped.
Two 3 m diameter reflectarrays were also developed by JPL and ILC Dover, Inc. to demon-
strate inflatable, thin membranes for microwave and millimetre-wave communications [78].
The first consisted of a horseshoe-shaped inflatable tube used to support and tension a
membrane coupled with a tripod used to mount an antenna feed (Figure 2.6). Once again
excellent surface precision - critical for RF characteristics - were achieved and the mem-
brane was protected using an asymmetric tripod to avoid damage and flatness deviation
when rolled up. However, lower efficiencies were measured due to the membrane mate-
rial used and inflatable tripod blockage. Another prototype - without the tripod - was
constructed with tape spring reinforcement in the inflatable tube structure for added axial
strength and structural rigidity in the event of space debris puncture Figure 2.6. These tape
springs, or storable tubular extendible members (STEMs) - which are discussed later - were
then replaced with composite tapes in order to mitigate significant thermal deformation
that would occur in LEO.
JPL and ILC Dover’s research activity in the late 1990s then pivoted towards the deploy-
ment and support structure of a sunshield for a large, astrophysics telescope mission which
would surpass the capabilities of the hugely successful Hubble space telescope (HST) [80–82].
Originally known as Next Generation Space Telescope (NGST) and later renamed James
Webb Space Telescope (JWST) operates within the infrared spectrum and requires very cold
conditions (39–7 K) to mitigate noise in the instrument’s measurements. A large, 5-layered
sunshield 32 m long and 14 m wide was devised to block, reflect and radiate the majority
of the Sun, Earth and Moon’s energy to create a cold, thermally stable envelope as shown
in Figure 2.7. Four inflatable composite booms would be inflated with nitrogen to unroll,
after which they would be heated to 125–150 ◦C for 30-45 minutes to cure an epoxy layer
for hardening. In this way structural integrity is maintained without the sustained need for
inflation gas pressure. Once cooled, the nitrogen is vented and the structure would remain
suitably rigid. A one-third scale sunshield named Inflatable Sunshield In Space (ISIS) was
designed and constructed with four booms - 5.5, 4.25 and 2 m in length - to fly onboard a
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Space Shuttle mission in 2001 for technology demonstration as shown in Figure 2.7. Unfor-
tunately the test flight was cancelled thereby preventing essential qualification tests from
being conducted and resulting in high-risk inflatable systems being proposed. Following
this, the JWST boom design was substituted for more trusted telescopic booms which will
be discussed in a later section.
(a) The infrared-operating telescope of JWST
is shielded and kept cool from planet and sun-
light with a deployed sunshield [83]
(b) One-third scale ISIS experiment for developing
the inflatable elements of the sunshield [84]
Figure 2.7: NGST/JWST design and ISIS experiment using inflatable tubes
By the mid 2000s, the cumulative advances in thin membrane materials and low mass
structures prompted L’Garde, JPL and others to develop a large solar sail envisaged to
scale 10,000 m2 in area. Solar sails are extremely light, large area reflective surfaces in space
which reflect the Sun’s photons to transfer momentum from photon to sail in order to achieve
propellentless propulsion [85]. A solar sail is slowly but continuously accelerated. Given
the minuscule momenta transferred by reflected packets of photons, solar sails require very
large areas in order to reflect more light. In addition, Newton’s 2nd Law of Motion dictates
the sail should be as light as possible to achieve the highest acceleration. A 800 m2 square
solar sail using four 20 m long inflatable booms was designed and constructed for testing
(Figure 2.8) - reaching the limitations of ground-based testing facilities - at NASA’s Plum
Brook 30 m thermal and vacuum chamber [86, 87]. A truss is integrated onto the inflatable
booms to increase the moment of inertia of the beam system to absorb bending moments
induced by the solar pressure on the tensioned sail membrane as shown in Figure 2.8. The
boom material, effectively an inflatable composite, consists of a grid of rigid, high modulus
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fibres for added compressive strength and to withstand inflation loads. This is lighter than
incorporating tape or composite springs as was prototyped for the reflectarray in Figure 2.6.
Cold rigidisation achieves a simple and reliable method for strengthening the boom. No
heaters or vents are required for curing and the resin material itself can be tailored to
withstand elevated temperatures if the deployed structure has to endure such.
(a) Deployed solar sail using four 20 m long
inflatable boom-truss systems
(b) The inflatable boom-truss system
Figure 2.8: L’Garde, JPL and other’s 800 m2 solar sail prototype [87]
For all the new inflatable space structure designs, applications and developments thus far,
critical in-space demonstrations were absent. The inflatable solar sail architecture achieved
near full technology readiness level (TRL) 6 that involves testing in a relevant/operational
environment [88]. Tests conducted at NASA’s Plum Brook facility simulated space thermal
and vacuum conditions, however, the Earth’s inescapable 1 g environment added many
issues for a structure of this scale not least providing an inappropriate environment given
the negligible gravity in interplanetary space.
A few years later in 2007, a small satellite called Cibola Flight Experiment (CFE) was
launched into space carrying three inflatable deployable antenna masts, designed and man-
ufactured by L’Garde. The 2.4 m long tube masts were based upon the previously developed
solar sail design consisting of fabric and cold rigidisable resin. Unfortunately only one of
the three antenna masts deployed correctly whilst the other two inflated about halfway,
leaving the antenna elements in a non-optimal configuration [89]. These tests and failures
highlight the ongoing development and maturing of inflatable space structures.
Very recently, the Surrey Space Centre (SSC)-designed and built InflateSail mission success-
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fully demonstrated an inflatable boom used to deploy a drag sail for a CubeSat deorbiting
from LEO [90]. Drag sail technology was developed in response to the growing space debris
problem and in adherence to the European Space Agency’s (ESA’s) end-of-life (EOL) or-
bit removal requirement of 25 years. A 1 m long, aluminium-polymer laminated inflatable
boom as shown in Figure 2.9 was folded using origami techniques to minimise material
deformation, achieve more compact stowage (105 to 6 cm) and enable rapid venting. The
boom was inflated using a cool gas generator (CGG) and rigidised by stressing the material
past the yield point to remove residual creases which can significantly reduce the strength
of the boom material [91].
(a) Origami folded boom (b) Boom stowed in
a CubeSat
(c) Boom
inflation
(d) Inflation pressure gradually in-
creased to remove the residual
creases due to folding
Figure 2.9: The InflateSail boom folded using origami patterns, stowed, deployed and rigidised
with increased pressures [90]
We have seen the rich, ongoing development and maturing of inflatable space technology
that can enable large lightweight structures and unique planetary missions. Inflatables are
far more compactly stowed than truss systems and yet still capable of achieving excellent
membrane surface precision for antenna and reflector applications. However, there are a
number of unique challenges inflatables still need to overcome. Inflatables require very
thin and flexible - yet strong - materials for efficient packaging, incorporation of multi-
ple layers for airtightness, strength and thermal stability, and post-deployment rigidisation
for strength and space debris puncture mitigation. Additional complications that prevent
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the widespread adoption and use of inflatable space systems include ascent venting to pre-
vent early deployment by residual gas during launch and deployment sequencing to ensure
structures unfold correctly.
2.3 Ultra-Thin Booms
Various forms of ultra-thin boom exist and have been used in space since the ambitious and
pioneering missions of Alouette and Voyager to enable extremely compact and relatively
simple deployable solutions. Similar to the truss and majority of inflatable systems reviewed
thus far, ultra-thin booms are rolled out to a deployed position.
2.3.1 Storable Tubular Extendible Members (STEMs)
STEMs are metal/alloy strips with C-shaped cross-section - resembling tape measures -
that are stowed rolled up as coils and deployed using stored elastic energy or small electric
motors. STEM structures have been used since early space experiments. In 1962, two
steel STEM antennas, 45.7 and 22.8 m long were used onboard Alouette-1 (Figure 2.10) for
ionospheric experiments and astronomy [92]. Three years later, an identical satellite called
Alouette-2 used a longer 73 m long STEM antenna [93]. Most notably, a pair of smaller
10 m long copper-beryllium alloy STEMs were successfully used onboard Voyager to deploy
planetary and solar radio antennas [94].
Simple metal/alloy strips are easy to manufacture and characterise mechanically [95], in-
cluding their curved variants [96]. They enable compact and lightweight structures, and a
choice between stored strain energy or controlled deployment. The coupling of structure
and instrument enables efficient structures for small satellite antenna applications as shown
in Figures 1.1 & 2.10, which enjoy extensive flight history. The helical STEM discussed
earlier in Figure 1.4 underscores the efficiency of a structure which is itself the functional
element [26, 27]. For even smaller deployment applications, STEMs enable a simple and
easy way of achieving high alignment accuracy in single-use systems [97].
Conversely, coiled STEMs require constraint to prevent pre-deployment which add mass
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(a) Alouette-1 satellite [93] (b) Four typical STEM antennas in Cube-
Sats [25]
Figure 2.10: STEMs in space
and complexity to satellite subsystems [98, 99]. Strain energy deployment though simple
and inherent to the STEM is rapid, uncontrolled, chaotic and can cause damage to the
satellite or fail to fully deploy. Recent work has shown additional constraints are required
during controlled deployment to mitigate effects such as blossoming [29] (Figure 1.5). Once
deployed, STEMs exhibit poor torsional stiffness and stability, with their specific stiffness
and thermal stability being inferior to composite materials. This was most notably observed
in HST’s STEM-supported solar arrays which deformed and induced pointing errors in the
telescope when passing in and out of Earth’s shadow [100]. If these were not replaced on a
later Space Shuttle mission, the entire telescope would have been rendered unusable.
2.3.2 Triangular Rollable and Collapsible (TRAC) Booms
A variant of the STEM is the TRAC boom. TRAC booms consist of two slit tubes joined
together along one face to resemble a triangular cross-section as shown previously in Fig-
ure 2.3 for DLR’s truss structure [53]. TRAC booms maximise bending stiffness whilst
retaining the ability to flatten and compactly roll up. A triangular cross-section enables
higher second moment of area, sometimes an order of magnitude greater than comparable
ultra-thin booms [101, 102]. TRAC booms have proved successful in recent space experi-
ments using thin, metal alloys. NASA’s NanoSail-D2 used four, 2.2 m long TRAC booms
to demonstrate large structure deployment for potential deorbit technologies [103] and the
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Planetary Society’s recently successful LightSail-I CubeSat used four longer, 4 m TRAC
booms stowed into a 0.5U volume to deploy a square solar sail [104]. LightSail-2 and Near-
Earth Asteroid (NEA) Scout will build on these successes in November 2018 and December
2019, deploying solar sails using TRAC booms [105, 106] with NEA Scout’s particularly
exciting mission to perform reconnaissance of an asteroid. Success of this mission will prove
solar sailing is a feasible propulsive solution and moreover the capability of these types
of ultra-thin boom. Additional futuristic applications considered by others include ultra-
lightweight space solar power [35] to take advantage of the relatively simple structure and
small packaged height.
Given the benefits using TRAC booms has for enabling new small satellite missions, ongoing
experiments aim to improve their inferior torsional stiffness compared to closed-section
booms. Higher stiffness is achievable using thicker composite material, however, these
booms do not compactly roll up, the smallest coil radii being approximately five times
greater than stainless steel booms [101]. Recent work has solved this by designing new
forms of TRAC boom [107]. Moreover, there is a pivot from using metallic materials with
high coefficients of thermal expansion that significantly deform slender booms when in direct
sunlight [108]. Composite TRAC booms also enable lower mass, stiffer and cheaper booms.
Efforts in developing TRAC-boom-enabled space structures is promising and ongoing.
2.3.3 Telescopic
Telescopic booms consist of concentric segments of closed-section tube designed to slide
through one another. Telescopic composite booms exhibit exceptional stiffness, strength,
vibration and thermal stability, and are capable of achieving high deployment precision
thanks to their closed-section. The hollow cavity inside the boom can be used to house and
protect cables for a deployed payload. The technology is reasonably scalable and achieves
good packaging efficiency. JWST - referred to earlier in Figure 2.7 - switched from high-risk
inflatable systems to flight proven telescopic booms for deployment of its sunshield, provided
by Northrup Gruman as shown in Figure 2.11(a) [109, 110]. Given that functioning of the
sunshield is critical to the success of the entire mission, using these trusted yet more massive
booms (compared to inflatables) is justified for a large satellite the size of JWST.
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However, a separate deployment mechanism, components and fittings in addition to the
telescopic segments themselves are required to ensure alignment and locking of the segments
once deployed, adding complexity and mass. Telescopic booms are also very bulky compared
to STEMs and TRAC booms making them unsuitable for use in small satellites such as
CubeSats. There is recent and ongoing work from OSS to address this gap as shown in
Figure 2.11(b), with boom lengths ranging between 0.5–15 m.
(a) Northrup Gruman’s ISIS tele-
scopic boom (left) [109], precur-
sor to the JWST sunshield booms
(right) [110]
(b) Telescopic booms for small satellites. AstroTubeTM Max
from OSS envisaged to deploy a large reflector [111]
Figure 2.11: Telescopic booms
2.3.4 Collapsible Tube Masts (CTMs)
CTMs combine and balance the superior packaging efficiency of STEMs and TRAC booms
with the strength and stiffness of telescopic booms. CTMs are closed-section booms con-
structed by bonding two Ω-shaped STEMs facing one another as shown in Figure 2.12.
As a consequence, CTMs achieve good packaging efficiency similar to STEMs and TRAC
booms where the length is almost independent of the stowed volume, and high strength and
torsional stiffness approaching that of telescopic booms. They can be made with extremely
thin, low mass and thermally stable composite materials, although metal versions were used
in the past for early space missions such as the Viking 1 and 2 landers [112, 113]. DLR
developed 14 m long CTMs for 20 x 20 m solar sails [114] and applied the technology to
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SAR membrane applications [115]. NASA’s recent investigations into the design space aim
to minimise CTMs to fit inside CubeSat volumes [116], these were approximately half the
size of DLR’s. Earlier concepts detailing helical CTMs are of particular interest for the
purposes of this thesis [28], yet nothing has come of this to date, likely due to the difficulty
in manufacturing closed-section helical tubes and addressing the high strains induced when
coiled up.
Closed-section composite booms of comparable stiffness are necessarily more massive than
STEMs and TRAC booms - due to the additional material and flanges required for bond-
ing the two Ω-shaped halves together - and are taller when stowed [101, 107]. Additional
mass is a particular problem for designing solar sail structures which need to be extremely
lightweight. DLR have attempted to address this by positioning the deployment mechanism
at the CTM boom tips and ejecting them after deployment [117]. Although manufacturing
narrow CTMs lowers the boom mass and stowed height (Figure 2.12), the out-of-plane stiff-
ness then becomes inferior to TRAC booms [107, 102] which is a significant consideration for
solar sailing structures. In addition to these design trade offs, CTM scalability is limited by
path length differences between the two Ω-shaped halves that buckle when coiling, and the
significant creep effects induced once coiled cause non-recoverable flattened cross-sections.
This can be addressed using thinner composite materials but at the cost of strength and
stiffness of the deployed boom.
(a) DLR’s 14 m long double-Ω boom [115] (b) NASA’s 7 m long, 6 cm tall mini-CTM [102]
Figure 2.12: CTMs
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2.3.5 Bistable Composite Slit Tubes (BCSTs)
BCSTs are effectively STEMs constructed using bistable composite materials. As previ-
ously shown in Figure 1.6, BCSTs have two stable states, deployed and stowed that can
take the form of a compact coil without the need of any constraint. Additionally, the coil
radius i.e. the second stable state is tailorable through composite selection to adhere to the
deployment spindle or stowed volume constraints. Using bistable materials in deployable
structures decreases the complexity and mass of the deployment mechanism which is ex-
tremely beneficial for CubeSat applications and has been demonstrated onboard AlSat-1N
and InflateSail (Figure 1.6). Moreover, bistability mitigates STEM blossoming in driven
deployment - which required springs to keep the coiled boom from opening up as was shown
in Figure 1.5 - thereby enabling reliable retractability through good coupling between the
deployment mechanism and the BCST boom. Buckling, or the ‘50 pence’ effect, occurs
when a boom is forced to coil about a radius larger than its stable radius (Figure 2.13).
This also occurs when stowing long booms [118] but can be mitigated using bistable-over-
the-whole-length (BOWL) BCSTs [119].
Figure 2.13: The ‘50 pence’ buckling effect arising from forcibly coiling a boom around large radii
As will be presented in this work, new forms of lightweight and efficiently stowed deployable
space structure are possible using BCSTs. Their extremely high packaging efficiency is
somewhat offset by poor torsional stiffness. Recent work has detailed approaches to optimise
the vibrational stability [120, 121] and to combine the superior stiffness of TRAC booms with
the lower mass and simpler BCST [116]. One of the most troublesome aspects concerning
BCSTs are the sources of error arising from manufacturing methods given that achieving
bistability and specific mechanical properties requires precise tailoring of fibre angles.
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Straight Bistable Composite Slit
Tubes
BCSTs are open-section tubular structures that can be rolled up and extended, analogous
to STEMs like tape measures, but are stable in both configurations without the need of a
support structure. These lightweight, stiff, compact, quick and easy to use materials lend
themselves to deployable structure applications.
Multiple deployment schemes for various types of multistable composite laminates have been
devised. Small or low force actuation of neutrally stable tape springs [122, 123] improve
control, reduce mass and are suitable for applications where is it desirable to eliminate
deployment shock. Similarly, one-way actuation [124, 125] is another method for achieving
large shape changes with little energy input. Another simple low cost approach installs tape
spring hinges into closed section booms by cutting diametrically opposite slots [126–128] to
enable self-deployable booms for small spacecraft.
How the material properties and initial shape affect the possible bistable configurations
of elastically deforming, doubly curved shells has been investigated for piezoelectric en-
ergy harvesting [129] and morphing applications. In energy harvesting, bistable materials
enable higher power densities, simpler and smaller designs compared to resonant devices.
Likewise, some of the latest advances in aerospace have focused on tailoring morphing and
snap-through behaviour for use in aircraft control surfaces [130–135] including investigation
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into psuedo-bistability and viscoelastic effects in pre-stressed composites [125]. These enable
simple, lightweight and passive control methods for generating lift augmentation whereby
geometry change may be induced at a specific temperature or aerodynamic pressure e.g.
low velocity during aircraft takeoff and high velocity during aircraft climb or cruise. Ad-
ditional morphing structures research developed new models and verifying computational
studies to consider magnetic actuation of bistable, doubly curved isotropic shells made from
novel magnetic rubber composite material [136]. These works highlight some of the various
research themes in bistable composite structures.
Engineering more than two stable states or multistability, is beneficial for expanding the
design space of stiff and strong adaptive structures [137]. Sufficient Gaussian curvature
and appropriate materials selection are required to control the dependence of multistable
behaviour on the initial curvatures of untwisted and uniformly curved shells [137, 138]. The
range of bistable configurations for initially twisted shells for example, have been found
to decrease as the degree of twist increases [139]. Design recipes have been established in
other work for a range of multistable, doubly curved shells using soft isotropic materials
[140].
3.1 Properties of Surfaces
Curvature as a concept is quiet intuitive. We can imagine flat surfaces like tables or curved
surfaces like domes, however, formulating mathematical representations for such is not
entirely obvious. The curvature of any point along a smooth curve may be defined by the
reciprocal of the radius of the osculating circle at that point [141, 142]. A simple example of
this approach is illustrated in Figure 3.1 for a planar (2D) curve. Two points are presented
for comparison, the first is located along a straight section of the line whilst the second
is located within a highly curved section. In this way the intuitive and visual concept of
curvature, or the measure of the tightness of a curve, may be expressed mathematically.
The curvature of the first point is less than the second indicated by the osculating circle
radii of curvature, κfirst < κsecond = 1/Roscfirst < 1/Roscsecond . This approach can be and
is extended to higher dimensions to describe the curvature of surfaces.
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smooth curve
first point
second point
Rosc
Rosc
Figure 3.1: Curvature expressed by osculating circle radius
A significant milestone progressing the description and investigation of curved surfaces
occurred in 1825 with Gauss, translated and published in English in 1902 [143]. Gauss’s
theory of surfaces produced three main theorems, two of which are useful for the work
presented herein and translated verbatim as:
• The measure of curvature is equal to the product of the reciprocals of the principal
radii of curvature of the surface
• The measure of curvature remains unchanged by a mere bending of the surface
One of the most important geometrical ideas is that of Gaussian curvature [141, 142]. Sur-
faces may be categorised into two groups: developable and non-developable, defined by
their Gaussian curvature. These two classifications assist in differentiating and character-
ising various forms of BCST. One of the ways Gaussian curvature is calculated is through
the product of the two principal curvatures, KG = κ1κ2. The principal curvatures, κ1 and
κ2 are maximum and minimum (respectively) at any point on a surface and always orthog-
onal to one another as shown in Figure 3.2. Figure 3.2 shows a rectangular plane normally
intersecting a smooth surface at point P about which it rotates through an angle θ. As the
plane rotates, the intersecting smooth curves are traced upon the plane, varying between
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extremes, the radii of curvature of which are labelled R1 and R2 . This is an example of the
extrinsic definition for Gaussian curvature. Surfaces with zero Gaussian curvature i.e. either
one or both principal curvatures are zero, are known as developable surfaces because they
can be flattened and transferred to a flat plane without stretching or tearing, Figure 3.2.
This is an example of an inextensional deformation because the Gaussian curvature remains
constant.
(a) Principal curvatures of a BCST (modified from [33])
(b) Principal curvatures of a surface [142] (c) Examples of developable surfaces
Figure 3.2: Principal curvatures and developable surfaces
Conversely, non-developable surfaces require cutting or stretching in order to be flattened
whereas developable surfaces do not. For example, a surface segment of a baseball, which
is spherical and non-developable due to its positive Gaussian curvature, would need to be
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stretched and/or torn in order to be completely transferred to a flat surface.
3.2 Properties of Laminated Composites
Laminates are materials consisting of stacked layers, or plies, bonded together and compos-
ites are materials made up of distinct constituents such as carbon/glass fibre and plastic.
Classical lamination theory [144, 145] is used to calculate the elastic properties and there-
fore behaviour i.e. the ABD or stiffness matrix of the laminated composites presented in
this work:  A B
B D
 (3.1)
where A, B and D are the extensional-, coupling- and bending-stiffness matrices respec-
tively, and describe how the loads and moments (N and M ) applied to a laminate, relate
to the strains and changes in curvature ( and ∆κ) and visa versa [144], such that: N
M
 =
 A B
B D
 
∆κ
 (3.2)
The mechanical properties of a material required to calculate the ABD-matrix are the:
Youngs and shear moduli, and Poissons ratio of both the fibre and matrix, fibre direction
and thickness of each ply, number of plies and fibre volume fraction [146].
3.3 Modelling Bistability
Bistability in compactly coiling slit tubes may be engineered by the arrangement of fibres in
each ply with respect to the deployment direction through an antisymmetric layup scheme.
Theoretically, bistability may be achieved using any material of sufficiently high Poisson
ratio and stiffness [147]. Also known as bistable reeled composites (BRCs), their invention
and initial investigation [33] has led to many valuable commercial and potential applications
in the sectors of security, civil engineering, energy [148], mining, consumer, defence and
aerospace [149].
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Some of the approaches modelling and analyses of shells [141] and BCSTs over the years
include finite element analysis [150] to predict and characterise the rolled up configura-
tion, and beam models [33, 151–153] to predict the second equilibrium configuration and its
stability. Progressing to a shell model [154] enabled the study of edge effects and an inexten-
sional bending model [155] utilised the property of Gaussian curvature [143] for developable
surfaces, which remains zero everywhere, to predict BCST coiled radius by parameterising
the deformation of a curved plate superimposed upon the surface of a cylinder. Recent
studies have optimised the mechanical properties of the deployed state, such as natural fre-
quency and bending stiffness, by adjusting the laminate properties whilst satisfying design
constraints such as the bistable coil diameter for use in small satellites [121, 156].
3.3.1 Approach 1: Beam Models
The first successful approaches investigating and predicting bistability, considered express-
ing the total strain energy due to deformation of a laminated composite slit tube in terms of
its principal curvatures whilst assuming infinitely long BCSTs which are uniform along the
length [33, 147, 150]. Describing bistability in this way allowed the second stable state, the
first state being the initially unstressed extended tube, to be found simply (and rapidly) by
simulating changes in principal curvature and locating a second strain energy minima. The
local strain energy minima corresponds to the dimensions and physical configuration of the
second stable state, which can be interpreted by locating the values of principal curvature
at this point. An example of this strain energy analysis is shown in Figure 3.3.
A strain energy analysis and contour plot for a BCST of particular geometry and laminated
composite is constructed using the approach outlined in the literature [33] and Section 3.2 -
the geometrical and material properties chosen and simulated in this case are arbitrary and
unnecessary to explicitly state for the purposes of demonstration. Simulated deformation
of a BCST is performed by modelling change in both principal curvatures and calculating
the total strain energy generated. Using this approach the energy of any state of the BCST,
defined by a combination of longitudinal and transverse curvature, κ1 and κ2 respectively,
refer to Figure 3.2, may be calculated. The initial, extended state of the BCST is located
at κ1 = 0 and κ2 = 1, at point A in the strain energy plot, signified by concentric energy
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Figure 3.3: Total strain energy contour plot of a BCST in terms of principal curvature
contours with a zero energy point located at the centre of the contours i.e. the deployed
BCST is initially stress free. The principal curvatures plotted on the axes of the graph
are normalised by the initial cross-section radius of the BCST simulated, in this particular
analysis a BCST of radius r = 1.6 cm is modelled. A second energy minima is observed
at κ1 ≈ 0.869 and κ2 = 0.016, at point B in the strain energy plot, corresponding to
a BCST state representing a compact cylindrical coil of radius 1.84 cm, calculated by
rcoil = r/κ1 = 1.6/0.869 cm. The residual strain energy of the BCST in this state is
non-zero, but still a local minima and therefore stable. Deformation, or strain energy, are
required to transfer back to the initial, extended state, otherwise the BCST even whilst
unconstrained remains coiled. The high stability of such a state is evident by the rapid
increase of strain energy, indicated by the contours, in both directions of the axes in the
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plot, that is to say that in order to move from this point or effectively change the shape of the
BCST, large amounts of energy are required through bending and stretching. Furthermore,
the energy plot shows the significant energy barrier separating and distinguishing the two
states, underlining the stability of either one to remain so. The shape and location of stable
states in such energy plots depends upon the BCST geometry and materials simulated.
Antisymmetric layups are used to induce bistability which yield zero values for D13 and
D23 in the D-matrix resulting in a decoupling of bending and twisting. This allows straight
BCSTs to be flattened and coiled up compactly and neatly i.e. untwisted coils.
The path followed from one equilibrium state to the second, indicated by a low-energy
‘valley’ connecting the two points, indicates the most practical approach for deploying and
stowing a BCST. For example, it can be seen from the contour plot that in order to transfer
from the first to the second state, or point A to point B, decreasing the transverse curvature
first and then increasing the longitudinal curvature second demands the lowest amount of
strain energy compared to deforming a BCST corresponding to a beeline connecting the
two states, highlighted by dashed- and dotted-lines in the plot, respectively. This intuitive
sequential deformation demonstrates the relative ease to which flattening and then rolling up
a BCST, from extended to coiled, may be and highlights the extremely valuable application
of such materials in compact, deployable structures.
This simple model is a good first attempt in understanding BCST behaviour, however, the
analytical model is unable to distinguish between antisymmetric and symmetric layups,
which coil untwisted and twisted respectively, and assumes uniform transverse curvature
making it incapable of studying the precise coil shape. Furthermore, the first comparisons
between analytical, finite element analysis (FEA) and experimental results highlighted dis-
crepancies which may be due to non-linear behaviour [150]. In particular, considerable
non-linear geometric behaviour was experimentally observed to be associated with trans-
verse curvature changes i.e. flattening of the cross-section. These effects are not accounted
for in the simple beam model.
The simple beam model was improved to allow the tube to take any longitudinal shape,
but, still assumed circular cross-section i.e. uniform transverse curvature. This approach
was capable of predicting twisted coiled shapes from symmetric layup BCSTs, which are
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generally less stable than antisymmetric layups [151]. Furthermore, implementing twist into
the analytical model enabled the identification of stable and unstable equilibrium points
[152, 153].
3.3.2 Approach 2: A Shell Model
A shell model was developed in order to remove the assumption of a circular cross-section by
expressing the coil shape using a differential equation [154] (later referred to in this work as
a trial function i.e. an initial guess for the coil shape). This approach enabled investigation
of the coil cross-section shape and successfully predicted the existence of a ‘boundary layer’
at the edges. Figure 3.4(a) compares the beam and shell analytical model predictions for the
bistable coil cross-section shape for antisymmetric layup tubes initially subtending 360, 180
and 90 deg. This was in agreement with earlier FEA results [150], which first observed these
‘lips’, commonly referred to as edge effects which arise due to zero transverse moment at the
free edge. For the antisymmetric layup tubes modelled in [154], edge effects were shown to
be more important in tubes subtending initially small cross-sectional angles, approximately
less than 140 deg, due to the relatively large size of the effect, which significantly affects the
size and even the existence of a stable coil, for which there are none for cross-sectional angles
of less than 60 deg (Figure 3.4(b)). Furthermore, edge effects have been a real problem due
to local and global buckling in the design of deployable BCST structures for spacecraft
[119].
Figure 3.4(b) presents results for a range of stable and unstable coil configurations predicted
by the shell model for initial cross-section subtending angles. In the figure, ‘R/a’ and
‘φR’ indicate the radius and twist of the coil whilst solid- and dashed/dotted-lines indicate
stable and unstable equilibria. The terminology used here regarding coil and equilibria are
interchangeable, although equilibria are mathematically defined by combining and resolving
expressions for out-of-plane forces and transverse moments (a detailed mathematical outline
can be found in [152, 154]). Stability of equilibrium solutions is checked by ensuring the
local tangent-stiffness matrix is positive-definite. This is used later in this work but details
can be found in the literature cited.
The stability of second equilibria for symmetric layups and isotropic materials were also
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investigated and compared. Isotropic materials were shown to display no bistable states
whatsoever (Figure 3.4(c)) and as expected, some symmetric layups resulted in bistable,
twisted coils (Figure 3.4(d)).
(a) Beam (dashed-line) and shell
(solid-line) model bistable coil cross-
section predictions for an antisymmet-
ric layup
(b) Stable (solid-line) and unstable
(dashed/dotted-lines) predictions for initial
subtending angles in an antisymmetric layup
(c) Unstable (dashed-lines) predictions for initial
subtending angles in isotropic material
(d) Stable (solid-line) and unstable
(dashed/dotted-lines) predictions for initial
subtending angles in a symmetric layup
Figure 3.4: Shell model results (taken from [154])
For predicting the BCST coil radius given a layup and cross-section subtending angle, the
analytical shell model was shown to compare well with FEA, better than earlier analytical
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beam models. Disparity between analytical and experimental results was attributed to
the inelastic nature of the matrix material used i.e. deformation of the matrix material
remained even after the causal force has been relieved or removed.
Although the shell model proves effective in studying the bistable behaviour of a range of
layups over a range of geometrical parameters, it is highly computationally demanding over
much simpler and faster beam models.
3.3.3 Approach 3: An Inextensional Model
Progressing to an inextensional analytical model enabled a concise approach by assuming no
stretching occurs over all deformations. This was considered reasonable given the Gaussian
curvature is zero, or at least approximately so, in both extended and coiled states so that
KG ≈ 0 implying all deformations must be developable [141]. A two-parameter analytical
model was developed to find all equilibria and their stability, which parameterises BCST
deformation by modelling a strip of material superimposed upon a cylindrical surface and
utilising the constant Gaussian curvature property of developable surfaces, by considering
coil radius and twist curvature, 1/C and θ (Figure 3.5(a)) [155]. In the figure, a strip of
material may be simulated to twist through the θ parameter and its cylindrical radius may
be adjusted through the C parameter. The strain energy analysis performed is similar to
previous work [157, 150] and incorporates these two parameters. In effect, the inextensional
model is capable of simulating twist, which was shown in beam models to be critical in
distinguishing between stable and unstable states [152, 153], but in a simpler way. Detailed
analysis of the coil shape is lost, but a simplified approach and the bistability polar plots
produced prove more useful for practical designs of deployable BCST structures.
One of the most valuable contributions of this research and analytical model are polar plots
of bistability, producing condensed and information-rich results for the interpretation of
BCST strain with respect to the two parameters modelled (C and θ), and identification of
stable and unstable states as shown in Figure 3.5. In these plots, strain energy contours
are plotted against these two parameters (C and θ) that capture inextensional deforma-
tion. The non-dimensional Cˆ radial parameter (Cˆ = CR) is plotted in the radial axis and
the θ twist parameter is plotted in the rotational axis. Isotropic, antisymmetric and sym-
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metric layup materials were investigated and compared to test the analytical model and
highlight mechanical differences between these materials in Figures 3.5(b), 3.5(c) & 3.5(d),
respectively.
(a) Parameterised inextensional deformation of
material strips
(b) Isotropic material
(c) Antisymmetric layup (d) Symmetric layup
Figure 3.5: Inextensional model parameterisation and strain energy polar plots (taken from [155])
The strain energy polar plot for an isotropic material strip is presented in Figure 3.5(b).
The initial state is located at point M (Cˆ = 1 and θ = 0) and a second, expectedly unstable
equilibrium is located at point N (Cˆ = 0.3 and θ = pi/2). As illustrated in Figure 3.5(a),
states at θ = 0 and pi/2 produce zero twist. Similar to previous work [152, 154], stability of
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an equilibrium point is determined by calculating and verifying a positive-definite tangent
stiffness matrix. An isotropic strip formed into this shape will undoubtedly re-deploy to its
first state once external forces are removed e.g. a steel tape measure.
Strain energy polar plots for antisymmetric and symmetric layups are also presented in
Figures 3.5(c) & 3.5(d). These plots accurately capture and highlight the known differences
between these types of layup: antisymmetric layups produce compact, untwisted coils
and symmetric layups produce compact, twisted coils. Point M in both plots represent
the first stable state, located at Cˆ = 1 and θ = 0. Differences inevitably arise in the
location and stability of secondary equilibrium points. Point N in Figure 3.5(c) represents
the second stable state for the antisymmetric layup, located at Cˆ = 0.77 and θ = pi/2.
Points P and Q, located at Cˆ = 0.52 and θ = ±0.3pi are saddle points, unstable and of little
interest. The polar plot for the symmetric layup in Figure 3.5(d) is notably different due
to the lack of symmetry about the θ = 0 axis which arises from coupling between bending
and twisting. Besides the first stable state at point M, two saddle points are found at P
(Cˆ = 0.60, θ = 0.40pi) and Q (Cˆ = 0.54, θ = 0.72pi). A second stable state is found at
point N (Cˆ = 0.62, θ = 0.41pi) although its stability is marginal given its close proximity
to the saddle point at P. Stability of the point N, its separation from point P, was shown
to increase in a symmetric layup of smaller fibre angles: [+40◦/− 40◦/0◦/− 40◦/+ 40◦]
versus [+45◦/− 45◦/0◦/− 45◦/+ 45◦]. Most importantly, the inextensional model predicts
as expected that the second stable state of a symmetric layup produces a compact and
twisted coil.
In other research, the inextensional model was applied to investigate twisted helical strips
of material. This is possible given that twist is described by one of the parameters (θ) in
order to determine equilibrium positions and snap-through twist moments [158]. Agree-
ment between the analytical inextensional model, FEA and experiments for axial tests
demonstrated validity of the analytical model and its assumptions for the layup chosen -
that the middle surface of the material strips do not stretch and deform uniformly. More
recently, this analytical model has been extended to investigate the mechanics of various
types of closed-section booms comprised of two shells bonded together for solar sail tech-
nology demonstrations [159]. Bistability criteria were derived for each boom type in order
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to determine which design parameters were critical for inducing bistability.
Although the inextensional model proves a practical and effective tool in various bistability
analyses, applicability is ultimately limited to developable surfaces/shells.
3.4 Manufacturing Bistability
Bistability in the samples presented in this work is achieved by tailoring the composite fibre
angles, typically ±45 deg, through an antisymmetric laminate using materials of sufficiently
high Poisson ratio. The materials used are carbon- and glass-fibre, glass/polypropylene (PP)
prepreg and PP-resin (Figure 3.6), although bistability has also been achieved in natural
composites using flax-fibre. Specific manufacturing methods are presented later in chapters
for toroidal and helical BCSTs.
(a) Carbon-fibre braid (b) Glass-fibre braid (c) Glass/PP prepreg
Figure 3.6: Composite materials used in this work
Other approaches in achieving bistable structures are through induced prestress in isotropic
materials such as copper-beryllium alloys by deforming a material past its yield point,
either by stretching or corrugation i.e. regular stretch patterns or dimples [160, 161]. These
enable relatively simple and very thin materials, however, using composite material allows
for precise control of fibre angles to achieve reliable bistable states and higher mechanical
properties in specific laminate directions such as axial stiffness, bending moment-strain
coupling and improved deployed bending stiffness/natural vibration frequency.
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Hybrid symmetric layups have been made bistable through thermally induced prestress
in the composite during cure by exploiting the thermal expansion mismatch between alu-
minium and carbon plies [162]. However, manufacturing reliable bistable configurations
using this approach is limited to shallow curvatures of less than 4 m−1.
More advanced BCST structures may be produced, building upon the fundamental prin-
ciples of manufacturing bistability, by varying the composite fibre angle along the BCST
length. This process produces bistable-over-the-whole-length (BOWL) BCSTs, which com-
pactly coil with variable radii resembling a spiral, as shown in Figure 3.7 [119]. BOWL
BCSTs are useful for mitigating buckling which arises either when long BCSTs are coiled
or when multiple BCSTs are co-coiled.
Figure 3.7: Variable braid angle along the BOWL BCST boom (from [119])
In spacecraft applications, BCSTs are engineered to satisfy stowed-volume constraints, how-
ever, their deployed mechanical performance is also a critical factor. For cantilevered BCST
booms used in spacecraft, the coiled diameter, deployed natural frequency, buckling stabil-
ity and length are crucial requirements to satisfy. Developing the BOWL BCST approach,
recent work investigated which fibre angles and geometry are optimal in order to produce
BCSTs which meet specific requirements for deployable solar arrays [120, 121]. This work
tailored a step change in fibre angle and thickness along the length of the tube, opposed to
continuously varying fibre angles with constant thickness as demonstrated in BOWL BCSTs,
to maximise the deployed natural frequency and stiffness whilst still retaining bistability.
The analysis considered a variety of geometries and composite layup, one result for example,
has fibre angles of [±55.1◦/± 68.7◦/± 68.7◦/± 55.1◦] at the root and a step change 63.4 cm
along the length of the tube to [±55.9◦/± 55.9◦] at the free end of the BCST boom. In this
case study, this optimised tube was shown to have superior natural frequency compared to
constant fibre angle and thickness BCST booms.
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Precise manufacturing is required to produce the desired BCST fibre angles to ensure re-
liable deployed properties and a neat bistable coil, however, this is difficult through hand
manufacturing techniques (and much care is required) to achieve this, particularly for more
unwieldy composite materials such as carbon-fibre/epoxy-resin. One can expect to achieve
approximately ±5 deg in braid angles through hand manufacture. A prime example of this
is shown in Figure 3.8, produced by colleague Dr Chenchen Wu, whereby manufacturing
errors, presumed to be fibre misalignment, resulted in twisted coils for straight glass/PP
BCSTs - this unintended result inspired the work presented later on helical BCSTs. Pre-
vious literature has modelled fibre alignment as sinusoidal and demonstrated that as little
as 1.75% fibre waviness may lead to a 23% decrease in the stiffness of laminated compos-
ites [163]. This underlines the care required during hand manufacturing to achieve reliable
bistable coils and desired deployed properties.
Figure 3.8: Unintentionally twisted coils of straight glass/PP BCSTs (produced by Dr Chenchen
Wu)
Lastly, another consideration of space-based BCST applications is long-term stowage which
is known to affect deployment dynamics and reliability and thought to arise from viscoelastic
relaxation due to shear strain of ±45 deg braid plies. Fortunately, incorporating 0/90 deg
plies has been shown to improve the stowage of BCSTs [164].
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Chapter 4
Toroidal Bistable Composite Slit
Tubes (Doubly Curved)
This chapter outlines an approach to investigate how doubly curved BCSTs behave. Inves-
tigating the bistability of doubly curved, non-developable composite slit tubes establishes a
natural extension from past work, which has been focused on straight, developable BCSTs
[165] and curved isotropic tape springs [96]. The doubly curved BCST model developed
and presented predicts the second equilibrium state and bistability of doubly curved com-
posite slit tubes as shown in Figure 4.1. The second equilibrium state is determined via
the Rayleigh-Ritz method i.e. bending and stretching strain energy minimisation whilst
stability is verified by the local Hessian matrix being positive-definite. Furthermore, ex-
ploration of the design space is required in order to study the effects of multiple design
parameters. This work builds on the recently developed ‘toroidal BRC model’ [166, 167] by
conducting a detailed study of curved bistable slit tubes that have: (i) initial, positive or
negative longitudinal curvature; (ii) cross-sections subtending more and less than 180o; (iii)
non-uniformly curved cross-section shape; (iv) variable laminate properties; and (v) been
manufactured for experimental verification. Doubly curved tubes, either positively or neg-
atively curved are defined by their azimuthal, or longitudinal curvature, and slit location.
This work also compares and contrasts the two types.
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Figure 4.1: Rendering of a coiled (left) and deployed (right) doubly curved BCST
4.1 Modelling Tube Geometry & Curvatures
Doubly curved slit tubes are modelled as the surface segment of a torus. The torus is an
example of a surface of revolution which can be generated by sweeping a circular cross-
section through an angle about an axis of revolution to produce a 3D solid or shell. The
torus cross-section and swept angle path may be expressed using two radii, R and r for the
major and minor circles respectively as shown in Figure 4.2.
The torus is also an example of a non-developable surface given its non-zero Gaussian
curvature, KG 6= 0. The Gaussian is the product of both principal curvatures, KG = κ1κ2
where subscript 1 and 2 represent the orthgonal principal curvatures at any point on a
surface. The Gaussian curvature varies around the cross-section of a torus. As illustrated
in Figure 4.2 the Gaussian is: a negative maxima at point M ; zero at both N points and;
a positive maxima at point P .
Consider the point P located at X0(s = 0) on the torus with azimuthal and cross-sectional
principal curvatures κx0 =
1
R+r and κy0 =
1
r , respectively. It is appropriate and convenient
to use the toroidal azimuthal and cross-section lines to denote local longitudinal and trans-
verse directions with curvilinear co-ordinate axes, x-y and use a global X-Y-Z Cartesian
co-ordinate system. Subscript 0 signifies the initial, unstressed slit tube before any defor-
mation has occurred. The transverse curvature, κy0 is taken to be positive in the direction
to the centre of the cross-section. The sign of the longitudinal curvature, κx0 depends upon
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R
raxis of revolution
P
X
Z
s
M
N
N
torus cross-section
X(s)
d(s)
x-axis
y-axis
intersect with axis of revolution
Figure 4.2: A torus may be expressed using a major (R) and minor (r) radius. The surface
curvature may be calculated using X(s) and d(s). The toroidal surface is described using curvilinear
axes x and y for the azimuthal (longitudinal) and cross-sectional (transverse) directions
location on the tube. As we go around the cross-section, both principal curvatures are
positive between points P and N , but the longitudinal curvature goes to zero, κx0 = 0 at
N and then flips sign to become negative between points N and M , describing the negative
Gaussian, KG < 0 saddle-shape region of the surface.
This is a symmetric problem allowing a single function, X0 of a single independent variable,
s to be used. The initial slit tube cross-section, T0(s) is modelled as,
T0(s) =

X0(s)
0
Z0(s)
 =

1
κx0
+ 1κy0
[cos (s κy0)− 1]
0∫
±s
0
√
1−
(
dX0(s)
ds
)2
ds
 (4.1)
where the cross-section arc-length, s ∈ [−w02 , w02 ] defines line segments along the width,
w0 = βy0r subtending an angle, βy0 (illustrated in Figure 4.3).
Similarly, negatively curved tubes i.e. those with a tube centreline located at point M and
a slit along the outer section centred about point P , may be described simply by adding pi
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inside the cosine term of Eq. 4.1.
Longitudinal curvature is defined such that the longitudinal radius of curvature, d(s) is
a straight line perpendicular to the point on the cross-section and intersecting the axis of
revolution [141]. The curvature at each point along the cross-section is determined using the
geometrical approach in Figure 4.3. Conversely, the initial transverse curvature is uniform
at every point and describes the arc of a circle such that the principal curvatures are,
κx(s) =
1
d(s)
, κy(s) =
|T′(s)×T′′(s)|
|T′(s)|3
(4.2)
(expression for κy(s) from [168]) where,
d(s) =
X(s)
cosα
, α(s) = arcsin
dX
ds
(4.3)
so that:
d(s) =
X(s)
cos
(
arcsin dXds
) = X(s)√
1− (dXds )2 (4.4)
X
Z
X(s)
d(s)
α
Q
X(s)
α
Q
ds dZ
dX
α
d(s)
βy0
w0
Figure 4.3: Longitudinal radius of curvature d(s)
It follows that the initial (denoted with subscript 0 following Eq. 4.6) and deformed (without
subscript) principal curvatures are:
κx(s) =
√
1−
(
dX(s)
ds
)2
X(s)
, κy(s) = ±
∣∣∣d2X(s)ds2 ∣∣∣√
1−
(
dX(s)
ds
)2 (4.5)
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Parameterising deformation of the tube is achieved using polynomial or cosine series trial
functions to describe a new cross-section shape. For example, the effect of the first two
(n = 2) terms of a cosine series, c1 and c2 is illustrated in Figure 4.4. Using a cosine trial
function the deformed slit tube cross-section, T(s) is modelled as:
Tcosine(s) =

X(s)
0
Z(s)
 =

X0(s)− c1 +
n∑
i=2
ci cos
(
(2i−3)pis
w0
)
0∫
±s
0
√
1−
(
dX(s)
ds
)2
ds
 (4.6)
If appropriately implemented, c1 represents the coil radius of the tube whilst c2 represents
uniform flattening of the cross-section. Adding more terms, n > 2 incorporates higher
frequency functions to describe more complex coil shapes. Likewise, using a polynomial
trial function the deformed tube is modelled as,
Tpolynomial(s) =

X(s)
0
Z(s)
 =

X0(s) +
n∑
i=1
ci s¯
2i−2
0∫
±s
0
√
1−
(
dX(s)
ds
)2
ds
 (4.7)
where s¯ = 2 sw0 is the normalised arc-length. Equations 4.6 & 4.7 use cosine and polynomial
trial functions for X(s), respectively. They are developed from previous models [166, 167]
and are necessary to describe non-uniformly curved cross-sections which are non-circular,
by using even/symmetrical trial functions.
X
Z
c1
initial
deformed
X
Z
c2
κy0
1
κy
1
κy0 s
Figure 4.4: Deformation of the tube cross-section due to the first two coefficients, c1 and c2 of a
cosine trial function
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4.2 Strain Energy
The strain energy model used is derived and developed from Iqbal et al.’s work [33, 150]
taking into account: (i) non-zero initial longitudinal curvature; (ii) non-uniform transverse
curvature and; (iii) longitudinal stretching. The bending and stretching strain energies per
unit area [157] are defined as:
ub(s) =
1
2
[
∆κx(s) ∆κy(s) ∆κxy(s)
] [
D(s)
]
∆κx(s)
∆κy(s)
∆κxy(s)
 (4.8)
us(s) =
1
2
[
x(s) y xy(s)
] [
A(s)
]
x(s)
y
xy(s)
 (4.9)
Change in the longitudinal and transverse curvature, and longitudinal stretching at each
point on the surface are,
∆κx(s) =
√
1−
(
dX(s)
ds
)2
X(s)
−
√
1−
(
dX0(s)
ds
)2
X0(s)
(4.10)
∆κy(s) =
d2X(s)
ds2√
1−
(
dX(s)
ds
)2 − 1r (4.11)
x(s) =
l(s)− l0(s)
l0(s)
(4.12)
where l0 and l are the initial and deformed lengths of imaginary and parallel longitudinal
‘fibres’:
l0(s) = βx0 X0(s) (4.13)
l(s) = βx X(s) (4.14)
The bending energy per unit length of tube is determined by integrating Eq. 4.8 across the
slit tube surface:
Ub =
∫ ∫
A
ub(s) dA = 2
∫ w0
2
0
ub(s) · l0(s) ds (4.15)
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Similarly, the stretching energy per unit length is:
Us =
∫ ∫
A
us(s) dA = 2
∫ w0
2
0
us(s) · l0(s) ds (4.16)
The tube width, w0 is assumed constant because transverse stretching is considered to be
negligible, y = 0 given the tube length is much greater than the width l0  w0.
4.2.1 Strain Energy Analysis Using Constrained Optimisation
A constrained, nonlinear multivariable MatLab optimiser is used to identify local equilib-
rium configurations [169]. The built-in fmincon function and Interior Point algorithm
is employed in this analysis for its capability to handle both an objective function for the
strain energy and multiple constraints for the moment conditions applied. Equilibria are
determined by minimising the total strain energy with respect to all of the trial function
coefficients, x and c, [
∂
∂x
,
∂
∂ci
,
∂
∂ci+1
, ...,
∂
∂cn−1
,
∂
∂cn
]
Ut = 0 (4.17)
where Ut = Ub+Us is the total strain energy per unit length. The tube is modelled as a free
body so an equality constraint is applied to the optimiser, ensuring the resultant transverse
moment, in the y-direction, at the edges of the equilibrium configuration, s = w02 - which
presumably resembles a coil shape - are zero:
My
(w0
2
)
= 0 (4.18)
4.2.2 Resultant Moments
The moments are calculated as,
Mx(s) = B11(s) x(s) + D11(s) ∆κx(s) + D12(s) ∆κy(s) (4.19)
My(s) = B21(s) x(s) + D21(s) ∆κx(s) + D22(s) ∆κy(s) (4.20)
Mxy(s) = B31(s) x(s) + D31(s) ∆κx(s) + D32(s) ∆κy(s) (4.21)
where y(s), xy(s) and ∆κxy(s) are taken to be zero. Shearing is neglected given A13(s)
and A23(s) are also zero. In addition, B(s), D31(s) and D32(s) are all equal to zero given
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an antisymmetric layup with an even number of plies so no torsion or twisting develops,
Mxy = 0.
4.3 Manufacturing
A new manufacturing technique has been developed to produce doubly curved laminated
composite slit tubes [167, 170] which mitigates undesirable wrinkling, a problem that does
not arise in the manufacture of straight tubes. Wrinkling arises when flat fabric or prepreg
plies are forced to conform to a doubly curved surface as shown in Figure 4.5 and discussed
previously with regards to the properties of surfaces and Gaussian curvature in Section 3.1.
To avoid this, the composite layup is first wrapped onto a flexible mandrel which is then
shaped.
(a) Solid curved mandrel (b) Composite wrapping (c) Wrapped composite
(d) Processed toroidal BCST (e) Surface wrinkling
Figure 4.5: Manufacturing process for toroidal BCSTs using a solid mandrel
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In this work dry glass-fibre braid, polypropylene (PP) resin and a flexible tube mandrel
are used as shown in Figure 4.6. Short samples, defined with length less than 50 cm, were
manufactured using the following steps:
1. Lay up [±45◦] glass-fibre/PP-resin film (Figure 4.6A)
2. Mould glass/PP laminated composite onto flexible mandrel and wrap tightly with
polyester shrink-wrap tape (Figure 4.6B) - this step introduces the first principal
(transverse) curvature
3. Tighten kevlar-string/turnbuckle (Figure 4.6C) - this step introduces the second prin-
cipal (longitudinal) curvature
4. Process in oven for 20-25 minutes at 194◦C
5. Remove shrink-wrap tape, release the processed sample from the flexible mandrel and
clean up the edges of any loose glass-fibres and excess PP-resin (Figures 4.6D & 4.6E)
Figure 4.6: Manufacturing process for short (≈ 50 cm) doubly curved, laminated composite slit
tubes: a glass-fibre/PP-resin layup (A); laminate wrapped onto the flexible mandrel using shrink-
wrap tape (B); two demonstrations of a laminate being curved using kevlar-string/turnbuckle (C)
into; a positively curved tube (D) and; a negatively curved tube (E)
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Long doubly curved samples, defined as lengths more than 50 cm, were manufactured
in a similar way using larger scale equipment as shown in Figure 4.7. A long flexible
mandrel comprised of a thin silicone skin with an internal bending spring is used for support
against the shrink-wrap tape during processing to consolidate the laminated composite
(Figure 4.7(b)). Heat is delivered to the PP-resin via an internal heating element as opposed
to an oven which is impractical. Processing the curved composite requires insulation and
thermal isolation from the floor using interspaced mounts along the length of the mandrel
(Figure 4.7(d)). Two clamps are attached at both ends of the mandrel to prevent twisting of
the sample during processing due to thermal expansion of the internal bending spring.
(a) Glass/PP layup (b) Flexible mandrel
(c) Composite
wrapping
(d) Pre- and post-processing
Figure 4.7: Manufacturing process for long toroidal BCSTs using a flexible mandrel
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It is important that the entire laminated composite is processed at the same temperature
to ensure an uniform as possible melting, consolidation and cooling. A typical tempera-
ture profile measurement for long toroidal BCST processing as outlined in Figure 4.7 is
presented in Figure 4.8. Shortly after turning on power to the internal heating element,
the data from eight thermocouples mounted along the length of the toroidal BCST begin
recording (point A) and continue for the duration of the manufacturing process. A heating
controller box monitors the temperature of the composite, ensuring a maximum tempera-
ture increase (∞◦C/min) until 120◦C is achieved (point B). This temperature is maintained
by the heating controller for 10 minutes, during which the temperature readouts are moni-
tored to ensure uniform insulation. If a temperature drop is detected, the heating controller
pumps power into the internal heating element to compensate. Consequently, regions of the
BCST with higher insulation will exhibit higher temperature, as can be observed around
25 minutes between points B and C whereby thermocouples 2 and 3 detect their respective
composite regions to be at 130◦C. Conversely, regions with poorer insulation exhibit lower
temperatures e.g. 102◦C for thermocouple 1. The insulation jacket shown in Figure 4.7(d)
is adjusted by hand until all sections of the tube exhibit similar temperature profiles. This
is the reason why sudden but small temperature drops are observed over this period. From
point C, approximately 10 minutes following point B, the heating controller pumps more
power into the internal heating element for a temperature increase of 2.5◦C/min to en-
sure uniform heating until 185◦C (point D). A maximum temperature difference of 18◦C
is observed during this period. The heating controller sustains a temperature of 185◦C for
20 minutes to process the composite (points D to E). The process concludes with the heat-
ing controller cutting all power to the internal heating element and the insulation jacket
is removed to allow the composite to cool to room temperature after which the BCST is
removed from the flexible mandrel.
4.3.1 Spatially Variable Properties
The mechanics considered in this analysis are derived from classical lamination theory [144,
145] and used to calculate the elastic properties of the laminate. Spatially variable properties
are modelled along the slit tube cross-section. This is appropriate for investigation given the
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Figure 4.8: Temperature profile for long toroidal BCST processing
manufacturing process for positively curved tubes decreases both the fibre volume fraction
ratio and laminate thickness along the centreline, point P in Figure 4.2. The reverse occurs
in negatively curved tubes.
Consider imaginary ‘longitudinal strips’ along the tube centreline as shown in Figure 4.9.
These stripped areas encounter the greatest Gaussian curvature change upon introducing
a first (transverse) and then a second (longitudinal) principal curvature given the laminate
was originally a flat developable surface. Conversely, the top and bottom of the toroidal
composite - corresponding to points N in Figure 4.2 - encounter no change in Gaussian and
remain zero during this phase of pre-processing when the developable surface transitions
into a non-developable one.
Changes in the fibre volume fraction and thickness are assigned a range of values, shown in
Table 4.1 to explore the design space. This range is considered to be the typical variability
achievable using hand manufacture. Additionally, given ∆KG > 0 about the centreline,
modification of the fibre angles may also be included within the variable laminate properties
already considered. However, possible effects from this are neglected in this model but
discussed later. The ABD-matrix along the outermost centreline of a positively curved
tube (recall point P , X0(s = 0) in Figure 4.2) using the properties in Table 4.1 is modelled
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introduce transverse curvature
laminated composite
introduce longitudinal curvature
thickness change
fibre angle change
centreline
straight BCST
positively curved BCST
Figure 4.9: Introduction of two principal curvatures into a flat laminated composite and the effects
of this on the thickness and fibre angles about the centreline (red highlighted region)
as,
 AP BP
BP DP
 =

1.96× 107 1.86× 107 0 0 0 0
1.86× 107 1.96× 107 0 0 0 0
0 0 1.86× 107 0 0 0
0 0 0 0.77 0.73 0
0 0 0 0.73 0.77 0
0 0 0 0 0 0.73

(4.22)
and along the top and bottom of the tube, points N in Figure 4.2,
 AN BN
BN DN
 =

2.56× 107 2.44× 107 0 0 0 0
2.44× 107 2.56× 107 0 0 0 0
0 0 2.44× 107 0 0 0
0 0 0 1.11 1.06 0
0 0 0 1.06 1.11 0
0 0 0 0 0 1.06

(4.23)
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and along the innermost centreline, point M in Figure 4.2,
 AM BM
BM DM
 =

3.23× 107 3.06× 107 0 0 0 0
3.06× 107 3.23× 107 0 0 0 0
0 0 3.07× 107 0 0 0
0 0 0 1.54 1.46 0
0 0 0 1.46 1.54 0
0 0 0 0 0 1.47

(4.24)
where A has units Nm−1, B has units N and D has units Nm.
4.4 Positive Curvature: Results & Discussion
The following results are for glass/PP laminated composites with the modelled mechanical
properties in Table 4.1. The results presented in Figures 4.10, 4.12 & 4.13 are plotted for
half the tube cross-section given symmetry about the X-Y plane. Figures 4.11–4.22 and
Table 4.2 are results for positively curved tubes.
Table 4.1: Glass-fibre/PP-resin laminated composite mechanical properties. Spatially variable
laminate properties are modelling by considering a range of fibre volume fractions and ply thicknesses
Property Value/Range Units
Fibre modulus 240× 109 Nm−2
Fibre shear modulus 95× 109 Nm−2
Fibre Poisson’s ratio 0.22 -
Matrix modulus 1.33× 109 Nm−2
Matrix shear modulus 4× 108 Nm−2
Matrix Poisson’s ratio 0.35 -
Fibre volume fraction 0.4 to 0.6 -
Ply thickness 0.19 to 0.21× 10−3 m
Layup [±45,±45] Degrees
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4.4.1 Model Verification
The initial geometry and curvatures of the tube modelled are now checked. Verification of
the model is presented with two examples in Figure 4.10. The initial principal curvatures
for a positively curved and a negatively curved BCST are modelled accurately, exhibiting
longitudinal curvature κx0 =
1
R+r = 1.23 m
−1 and κx0 = − 1R−r = −1.28 m−1, respectively
along the centreline (0 cm). Doubly curved slit tubes subtending 180◦ have edges along
their top and bottom where the longitudinal curvature is zero, points N in Figure 4.2. The
longitudinal curvature approaches zero at the edges and the transverse curvature is constant
along the circular cross-section indicated by horizontal line at κy0 = 62.5 m
−1.
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Figure 4.10: The initial principal curvatures, κx0 and κy0 , and spatially variable laminate proper-
ties modelled (200 data points, N = 200) for positively and negatively curved tubes are presented.
The torus parameters modelled are: R = 80 cm, r = 1.6 cm, βx0 =
1
R and βy0 = pi with the
mechanical properties in Table 4.1. D12 = D21 and D22 = D11 due to an antisymmetric laminate
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Two modifications for each doubly curved tube are modelled by linearly varying the fibre
volume fraction ratio and ply thickness along the cross-section according to the values
in Table 4.1 to explore the design space. For a positively curved tube, the centreline is
modelled with 0.4 fibre volume fraction and 0.19× 10−3 m thickness. These values increase
to 0.5 and 0.20× 10−3 m at the edges. The volume fraction and thickness would be 0.6 and
0.21× 10−3 m at point M in Figure 4.2. 200 data points were taken along the cross-section
as they provided a good balance between accuracy and computational expense.
4.4.2 Modelling Bistability
Two MatLab optimisers are used, fminunc (unconstrained, quasi-Newton algorithm) and
fmincon (equality constrained, interior-point algorithm) to minimise the total strain en-
ergy with respect to a thirteen-term polynomial trial function (n = 13, selected following
convergence studies) used to parameterise deformation of the BCST. An appropriate initial
guess for the optimiser is determined using MultiStart.
Although results showed 20% less residual strain energy in variable property laminates in
both constrained and unconstrained cases, negligible difference i.e. fractions of a centimetre
were predicted for the coil radii as shown in Figure 4.11. In principle this is to be expected
given that positively curved tubes have lower stiffness properties attributed to lower fibre
volume fraction ratios and ply thicknesses which effectively scale down the total strain
energy generated undergoing bending and stretching. Furthermore, the peak strain during
coiling will be lower. This is useful to note for identifying practical bistable tubes i.e. those
that will not fracture or fail during coiling and deployment.
Although a constrained approach is physically accurate due to the tubes being modelled with
free-free edges so that Equation 4.18 is satisfied, the largest effect of this constraint resulted
in a difference of 0.12 mm for the coil radii predicted through strain energy minimisation.
Greater effects were observed for the coil shape.
The doubly curved ‘barrel’-shape of the coil cross-section is a more important design consid-
eration. Results show the sagitta of the coil is 0.36 mm, almost half the laminate thickness
(0.8 mm). Therefore implementation of a spheroid/‘barrel’-shaped deployment mechanism
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spindle may be required, particularly for tubes with sagittas greater than the laminate thick-
ness. For these types of tube, the residual curvature of the coil will dominate the deployment
mechanism design as discussed in the literature regarding deployable helical tubes whereby
a barrel-shaped spindle or drum will relieve strains [27] . Another primary concern as with
straight BCSTs is scalability, for which the laminate thickness dominates and causes the ‘50
pence’ effect [119] particularly in long tubes with small stable coil radii. Practically, this
effect hinders the stowing of tight coils and can induce blossoming or self-deployment.
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Figure 4.11: The tube and laminate from Figure 4.10 is modelled (left) and its second equilibria
(right) for four cases: unconstrained and constrained (Equation 4.18) strain energy minimisation
and; constant and spatially variable laminate properties
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The second equilibrium moments highlight further effects of applying an optimisation con-
straint. A build up of the longitudinal and transverse moments is observed in the last 10%
of the cross-section at the tube edges, as shown in Figure 4.12. This known and hereby
verified edge effect [150, 154] - related to the aforementioned ‘50 pence’ effect - prevents the
transverse curvature from decreasing during roll up, resulting in the edges sagging inwards
once coiled up (Figures 4.13 & 4.18). The lack of twisting moments induced indicate a neat
and tight coil which is to be expected for an initially untwisted tube with an antisymmetric
layup - this has been observed in samples manufactured in Figure 4.1.
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Figure 4.12: The in-plane moments plotted along the cross-section for each of the four cases
presented. The legend from Figure 4.11 is used
Complete flattening of 80% of the cross-section is indicated by ∆κy ≈ −62.5m−1 in the
plot, recall that κy0 = 62.5m
−1 in Figure 4.10. Edge effects are observed consistently
over all number of polynomial trial functions used to describe the cross-section, presented
in Figure 4.18, and match Galletly’s shell model [152, 154]. The model exhibits good
convergence for relatively straight tubes with at least five polynomials (n ≥ 5) with highly
curved tubes requiring at least seven terms.
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The total strain energy is plotted as a function of the first two terms of the trial function,
c1 and c2 in Figure 4.14 (recall the trial function expression for X(s) in Eq. 4.7) with
contours ranging from 10 to 2,500 Jm−1. The first term c1 essentially represents the BCST
longitudinal radius or once coiled, the coil radius. The second term c2, alongside the rest of
the polynomial series, contribute to express a cross-section shape. The higher-order terms;
c3, c4, ..., cn for this particular plot are determined via strain energy minimisation (MatLab
optimisation) of a straight BCST with parameters: R = 100 m, r = 1.6 cm, βy0 = pi
and n = 10 (Eq. 4.25 - superscript ‘+’ denotes positively curved BCST modelling). These
higher-order terms are then fixed whilst the strain energy is plotted in c1-c2 space.
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X+optimised trial func. =

x c1
c2 c3
c4 c5
c6 c7
c8 c9

=

3.71× 10−5 [−99.992,−90.0]
[0.015, 0.025] −3.89× 10−3
1.61× 10−4 2.07× 10−4
9.58× 10−6 −1.21× 10−4
−1.77× 10−4 1.45× 10−4

(4.25)
A broad analysis of strain energy in c1-c2 space is presented in Figure 4.14(a) using the
trial function range (for c1 and c2) and values in Eq. 4.25. (300 points are plotted for c1,
and 100 points are plotted for c2. The number of points is chosen to smoothen the contours
of the strain energy plots.) The contours are uniformly decreasing proportional to rcoil
from 100 m until 0.5 m where a local energy minimum is observed about rcoil = 1.7 cm,
c2 = 1.95×10−2. Closer inspection of the local minimum is presented within the inset figure
to confirm an energy separation from the global minima along rcoil ∈ [0.4, 10] m, c2 = 0.015.
(In this instance, 100 points are plotted for c1 and c2.)
The bistable region, defined and visualised as the space surrounding a local minima, is
presented in Figure 4.14(b) to confirm the existence of a second stable point. (100 points
are plotted for c1 and c2.) However, these strain energy plots are more complex and difficult
to visualise than those presented in the literature [33, 155] due to the large number of trial
function terms used to parameterise BCST deformation e.g. n = 10. Given the difficultly in
visualising this multidimensional problem using two-dimensional or even three-dimensional
plots, the total strain energy with respect to each trial function coefficient is presented in
Figure 4.15, where all ten terms are presented for the second stable point in Figure 4.14.
The bistable state is highlighted by the red vertical line in each plot indicating the value
of that specific parameter, all of which correspond to the residual total strain energy of
12.09 Jm−1.
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Figure 4.15: Optimised bistable state: total strain energy is plotted with respect to each parameter
Recall the edge moment condition from Eq. 4.18 must be satisfied in the bistable state, the
effect of which reduces the ‘solution space’, or range of possible solutions, to trial functions
that both produce energy minima and satisfy the edge moment condition. The energy
contour plot of the second stable region from Figure 4.14 is now plotted to include the edge
moment in Figure 4.16. The edge moment is plotted as red lines and the values labelled
have units of Nm. The second stable point lies on the zero edge moment contour, confirming
the condition is satisfied. Once again, the plot shown presents the c1-c2 space, but the edge
moment exhibits similar form as the strain energy in Figure 4.15, and is zero with respect
to each parameter.
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4.4.3 Computational & Convergence Study
As with any computational model or simulation, a trade off between solution accuracy and
computation time is required. Figure 4.17 presents the time taken for the strain energy
optimiser to converge to a solution given a number of cross-section points and polynomial
trial functions simulated. The computation time is linear with respect to number of cross-
section points and scales exponentially with the number of trial function terms, this scaling
arises due to vectorisation of the trial function within the numerical model. The model fails
to converge to a solution for too few polynomial terms and cross-section points: n = 4, 5
and N = 100 (indicated by red unfilled-circles). For the majority the analyses presented,
n = 10 and N = 200 are sufficient to investigate the bistable coil shape of BCSTs subtending
180 deg or less (indicated by a red filled-circle). Tubes subtending more e.g. βy0 = 270 deg
require more polynomials e.g. n = 13 to produce smooth cross-section shapes as shown
later in Figure 4.25.
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Figure 4.17: Computational time taken to converge to a solution for a given number of cross-section
points (N) and polynomial trial functions (n)
A convergence study is presented in Figure 4.18, comparing polynomial and cosine trial
function modelling for the cross-section of a coiled BCST. The number of trial function
terms studied are n ∈ [4, 10]. A polynomial trial function convergences faster than cosine,
from npolynomial ≥ 5 compared to ncosine ≥ 8 for tolerances of less than 0.001 cm. This
results in a baseline computational time saving of 61% indicated by Figure 4.17.
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bistable coils. The toroidal parameters modelled are: R = 100 m, r = 1.6 cm, βx0 =
1
R and βy0 = pi
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4.4.4 Experimental: Straight & Toroidal
A set of experimental results are presented in Table 4.2 detailing the geometry of four
manufactured BCSTs; one straight and three with positive curvature, one of which is 3.6 m
long (Sample 4). The doubly curved BCST model closely matches Iqbal et al.’s established
beam model [33, 150] for simulating the straight tube (Sample 1), however, both models
underestimate the actual coiled radius; Iqbal et al.’s by approximately 81% the toroidal
model by 60%, a modest improvement. The discrepancy with experiment is most likely
due to mismatch between the laminate properties manufactured and modelled with the
properties in Table 4.1 given that the spatially variable laminate properties considered were
found to have negligible effect.
Table 4.2: A comparison between Iqbal et al.’s straight BCST model [33], the positive curvature
BCST model developed and experiment
Sample Initial geometry Second stable state
βy0 (deg) R (cm) r (cm) CoilIqbal (cm) CoilKnott (cm) Exp. (cm)
Sample 1 210 ∞ 1.75 1.65 1.88 3.00
Sample 2 210 25.10 1.70 - 1.88 2.70
Sample 3 210 16.25 1.70 - 1.91 2.90
Sample 4 210 150 1.70 - 1.81 2–4.75
For the short toroidal BCSTs tested (Samples 2 & 3), the model underestimates the coil radii
by 44% and 52%, respectively. A significant improvement is achieved for the long toroidal
BCST (Sample 4, also shown in Figure 4.7) with the predicted radius just 10% lower than
achieved in experiment. This result helps determine potential sources of manufacturing
error in the short toroidal BCSTs presented with the most important factor being due to
the flexible silicone mandrel used. In short BCST manufacturing, the flexible mandrel used
comprises of relatively thick silicone tubing which may significantly slow the processing
cycle of the mounted composite due to relatively high insulation i.e. high specific heat
capacity. Consequently when heat is applied to the composite and tooling in the oven, the
entire piece takes longer to reach the melting point of polypropylene resin and may not
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achieve a complete processing cycle due to the fixed-time process used to control the oven.
This problem appears to be mitigated in the manufacture of long BCSTs which employ thin
silicone tubing (Sample 4).
The toroidal BCSTs manufactured demonstrate negligible effect of the initial longitudinal
curvature on the final coil radius, however, the coil sagitta is affected as shown in Figure 4.19.
This observation is studied further in later analyses. Consequences of the coil sagitta have
been discussed with regards to scalability and deployment mechanism design and in fact,
minimal impact of R on rcoil may be beneficial for designing various BCST structures which
adhere to the same deployment mechanism or design constraints e.g. co-coiled straight and
doubly curved BCSTs.
Figure 4.19: A spectrum of positively curved BCSTs, which produce coils of increasing sagitta
4.4.5 Parametric Study
The effect of fibre volume fraction, layup fibre angles and longitudinal curvature on predicted
coil radii is presented in Figure 4.20. The parameters analysed are r = 1.6 cm, βy0 = pi,
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ply thickness of 0.21 × 10−3 m and fibre volume fractions of Vf = [0.4, 0.5, 0.6], layups
consisting of ±α = [30, 35, 40, 45, 50, 55, 60] deg and longitudinal radius of curvature R =
[100, 1, 0.5] m. The plots highlight the negligible relationship between the fibre volume
fraction and the predicted coil radii. The small effect of the longitudinal radius of curvature
reiterates the results previously shown in Table 4.2. Conversely and as expected, the layup
fibre angle is the dominant parameter affecting the bistable coil demonstrating that greater
fibre angles produce more compact bistable coils.
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Figure 4.20: Predicted bistable coil radii for various braid angles, fibre volume fraction and initial
longitudinal radius of curvature
For some structural applications, additional plies may be added to improve certain me-
chanical properties such as longitudinal stiffness. The effect of adding a 0 or 90 degree
middle ply on the predicted bistable coil radii of a positively curved [±45/± 45] laminate
is shown in Figure 4.21. Plots of coil radii are presented for various longitudinal curvature,
cross-section radii and layup. The doubly curved model is in excellent agreement with
Iqbal et al.’s model [33] for straight BCSTs. A 0 deg middle ply may be added to a layup
e.g. [±45/0/± 45] for improved axial stiffness, however, the coil radius is increased as a
consequence. This is consistently observed in each case and demonstrates the effect of the
bending-stiffness, specifically D11, on the coil radius. This principle was expressed by Guest
et al. [155] stating that the coil radius may be predicted using,
rcoil ≈ D11
D12
r (4.26)
where D11 and D12 are elements of the D bending-stiffness matrix and r is the initial BCST
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cross-section radius. Likewise, a 90 deg ply may be added e.g. [±45/90/± 45] to decrease
the slit gap of a deployed BCST and achieve a smaller coil radius.
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Figure 4.21: Effect of layup on bistable coil radii over R and r, including comparison with Iqbal
et al.’s model [33] for straight BCSTs (R = 100 m). βy0 = pi
For straight tubes, R → ∞ m both models (Iqbal and the toroidal BCST model) exhibit
similar values, and the inverse proportionality between coil radii and cross-section sub-
tending angle as is also the case for shallowly curved tubes with radius ratio, rR < 0.05
as observed in Figure 4.22 (black line plots). That is to say, more enclosed cross-sections
produce smaller, tighter coils - this is already established. This arises due to l0  w0 and
κy0  κx0 , in effect the initial transverse curvature is the most dominant parameter in the
strain energy and thereby greatest influencer of the second equilibrium state.
A wider range of diverging coil radii for highly curved and enclosed tubes ( rR > 0.05, red
line plots in Figure 4.22) are predicted by the toroidal BCST model. This may be due to the
growing contribution of the currently neglected transverse stretching, y producing signifi-
cant strain energy as the tube more closely resembles a square plate, w0 → l0 demonstrating
a limitation of the current approach. For example, two highly curved tubes of R = 25 cm,
r = 11.25 cm ( rR = 0.45) and βy0 = [90
◦, 240◦] are predicted to have stable coil radii of 10.8
and 15.9 cm, respectively. Consequently, the more enclosed the cross-section the larger the
stable coil radius. Positive curvature BCSTs uniquely exhibit exponential proportionality
- the radius scales with the square of the subtending angle rcoil ∝ β2y0 . This is in conflict with
theory and the results presented in the literature and this work for straight BCSTs [150],
which demonstrate an inverse relationship between coil radius and subtending angle.
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To reiterate this point, the bistable coil cross-sections of tubes with geometry: R = 0.5 m,
r = 8 cm and βy0 = [120, 150, 180, 210, 240, 270, 300, 330, 360] deg are presented in Fig-
ure 4.23. The residual strain energy of the coiled states are included with units of Jm−1.
The initial deployed BCST states are not shown given that their identical major and minor
radii produce identical cross-sections with only the subtending angle being adjusted here.
The results show the maximum bistable coil radius (as measured from the tube centreline
s = 0) increases with subtending angle, and likewise too the minimum coil radius (as mea-
sured from the tube edge s = w0/2). This observation shows that the width or sagitta of
the coil is proportional to the subtending angle. In principle this is to be expected given
that the more enclosed a tube, the greater its width and therefore the greater effect its
initial cross-section radius i.e. curvature κy0 has on the final bistable coil size and shape.
The residual strain energy of the coil further confirms this proportionality.
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A strain energy contour plot analysis for three of the tubes from Figure 4.23 including a
90 deg enclosed tube, are presented in Figure 4.24 in c1-c2 space. The strain energies are
plotted on scales of 0 to 1,000 Jm−1 in Figures 4.24(a) & 4.24(b), and 0 to 2,500 Jm−1 in
Figures 4.24(c) & 4.24(d). Likewise, the edge moment contour is plotted in each figure. In
each case, the second stable point is located at a local strain energy minimum which lies
along the zero edge moment contour, My(s = w0/2) = 0.
Small subtending angles around 90 deg are relatively low in bistability i.e. bordering on non-
bistability, evident by the low potential energy barrier separating the second stable point
from the global energy minima. A low potential energy barrier indicates a minimal amount
of strain is required to deploy the coiled BCST i.e. it is relatively ‘easy’ to unroll by hand
for example and therefore weakly bistable. This is suboptimal for deployable spacecraft
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applications which require the coiled state to remain so through a range of perturbations
such as during launch to space, undergoing high acceleration and vibrational loads. In such
situations, relatively unstable coils are susceptible to pre-deployment and compromising the
entire spacecraft subsystem which could be a drag de-orbiting sail, antenna or other similar
structural application.
The residual strain energies of the second states are observed to increase with subtending
angle as well as the surrounding energy gradient within the bistable region reiterating the
relatively high stability of highly enclosed BCSTs.
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The edge effects in bistable coil cross-sections for various ply Poisson ratios of ν12 =
[0.25, 0.3, 0.35, 0.4] for straight BCSTs are presented in Figure 4.25. The toroidal BCST
computational model parameters are fixed to R = 100 m and r = 1.6 cm for a ten-term
polynomial trial function (n = 10). Three subtending angles of βy0 = [90
◦, 180◦, 270◦] are
simulated for a [±45/± 45] layup. All three plots are identically scaled with the edge effect
measured relatively from the coil radius from −0.03 to +0.01 mm. Edge effects are observed
in all the BCSTs modelled, in clear agreement with the literature [154].
For each case of subtending angle, the coil radii remain relatively constant when varying
the Poisson ratio of the plies. This is to be expected given the principle that the coil radius
mostly depends upon the laminated composite bending-stiffness and initial cross-section
radius as shown in Eq. 4.26. In this expression, the Poisson ratio is neither present nor does
it affect the bending-stiffness term and is therefore expected to yield negligible effect on the
coil radius.
The coil radii predicted are observed to be inversely proportional versus subtending angle,
that is to say for example, a tube enclosing 270 deg will produce a tighter coil than a tube
enclosing less. This behaviour (echoed in Figure 4.26) is due to additional cross-section
material enhancing the pre-existing dominant effect of transverse curvature on the coil
radius, and has been observed in all previous work e.g. [33, 153].
Additionally, the cross-section shapes for 270 deg exhibit residual form of the ten-term
polynomial trial function, particularly for ν12 = 0.4. This was observed to smoothen as the
number of terms is increased e.g. n = 13, indicating that highly enclosed BCSTs with high
Poisson ratio require more complex trial functions.
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Figure 4.25: Edge effects in predicted bistable coils for various subtending angle (βy0) and Poisson
ratio (ν12)
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Figure 4.26 presents the bistable coil cross-sections of doubly curved BCSTs. The longi-
tudinal radii of curvature modelled are R = [100, 1, 0.5, 0.25] m and βy0 = [90
◦, 180◦, 270◦]
whilst every other parameter remains constant: r = 1.6 cm, n = 10 for a [±45◦/± 45◦]
layup with ν12 = 0.25. The results demonstrate the effect of initial longitudinal curvature
on the residual double curvature in the coil shape. The resulting coil sagitta is proportional
to the longitudinal radius of curvature and to a lesser extent the subtending angle. Straight
BCSTs (R = 100 m) produce flat cylindrical coils which can be treated as developable sur-
faces. As the longitudinal radii modelled is increased, doubly curved (‘barrel’-shaped) coils
are produced. Highly doubly curved BCSTs produce highly doubly curved coils. In the
case of βy0 = 270 deg, for decreasing longitudinal radii the coil sagittas scale non-linearly
approximately as 0.1, 0.4, 0.8 and 2 mm.
In each subtending angle case, the cross-section profiles intersect at approximately the
same location. These points are located 84%, 59% and 55% along the cross-section from
the centreline to the edge for 90, 180 and 270 deg, respectively. Although the insects for 180
and 270 deg are not at the neutral axis (where stretching is zero, x = 0), the results show
centring about the straight BCST coil radius and demonstrate that the longitudinal radius
really only influences the cross-section shape or sagitta. This is not the case for 90 deg where
the profile intersects are close to the very edges of the tube. This relational discontinuity
at smaller subtending angles may arise due to the growing edge effects which comprise the
majority of the coil cross-section, the effect of which is enhanced by the longitudinal radius
and increases the coiling radius.
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4.5 Negative Curvature: Results & Discussion
In the cases of positively curved BCSTs, the cross-section point P in Figure 4.2 was defined
as the tube centreline s = 0 and the slit located at point M . These points are now swapped
in negatively curved BCSTs with the centreline positioned along the inside of the torus
and the slit located along the outermost section of the tube. Despite these geometrical
differences, the strain energy analysis is identical barring a few MatLab coding exceptions
to account for a ‘flip’ in the longitudinal curvature direction.
Negatively curved BCSTs have negative Gaussian curvature; initially negative longitudinal
curvature, κx0 < 0 and positive transverse curvature, κy0 > 0 (recall to Eqs. 4.5). Fig-
ure 4.27 demonstrates how the longitudinal curvature direction, a vector normal to the
tube surface, switches direction through the surface as the tube is coiled. At point A, the
deployed section of tube has negative longitudinal curvature which points in a direction
‘away’ from tube cross-section and towards the axis of revolution, κx0 < 0. Moving along
tube centreline path (dashed-line) into the transition region, the cross-section completely
flattens until at point B both principal curvatures go to zero, κx, κy = 0. Proceeding from
this point, the transverse curvature is still defined as positive whilst the longitudinal cur-
vature in the coiled state now points ‘towards’ the centre of the tube (now that the coiled
axis of revolution is ‘inside’ the tube), resulting in a change in sign to positive, κx > 0.
Consequently, now that both principal curvatures are positive due to the axis of revolu-
tion having changed position relative to the tube surface in the coiled state, the Gaussian
curvature should also be positive.
However, the hyperboloid or ‘hourglass’ cross-section shape of the bistable coil exhibits
negative Gaussian and indeed negative longitudinal curvature. This principle for the con-
servation of Gaussian curvature was observed in positively curved BCSTs which produced
‘barrel’-shaped coils to varying degrees dependant upon the initial positive longitudinal cur-
vature. Similarly, negatively curved BCSTs produce hyperboloid coils which have negative
Gaussian curvature i.e. one of the principal curvatures is negative indicating a saddle-shaped
surface.
There is a subtle yet notable difference regarding coil-up and bistability of positive and
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Figure 4.27: Deployment of a negatively curved BCST
negative curvature BCSTs. Positively curved BCSTs of increasing longitudinal curvature
more closely resemble their coiled states. Effectively, less and less strain energy input is
required to transition from deployed to stowed and visa versa. Furthermore, the originally
positive Gaussian curvature cross-section is never completely flattened within and proceed-
ing the transition region to the coiled shape. This is not the case in negative curvature
tubes whereby more strain is induced and more strain energy required to firstly flatten and
then produce a negative Gaussian surface with opposite sense due to the flip of the axis
of revolution. It is entirely appropriate to say the second stable states of positive curva-
ture BCSTs are relatively less stable than straight and more so, negatively curvature ones.
Indeed, negative curvature BCSTs of increasing longitudinal curvature exhibit decreasing
resemblance of their bistable states purely due to the requirement to completely flatten the
surface during coil-up.
Greschik discussed the type of transition a negatively curved BCST exhibits when coiling
up, defining this process as ‘direct’ unfurling [28] as shown in Figure 4.28. This form of
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deployment and stowing was objectively defined as: if the ‘inner’ or ‘outer’ surface of the
deployed tube consistently remains so, the ‘inner’ or ‘outer’ surface upon stowage, treat this
as ‘direct’, otherwise in the alternative case for example the deployed tube ‘inner’ surface
becomes the coiled tube ‘outer’ surface, treat this as ‘indirect’. In the modified figure from
[28] the outer surface of the deployed helical tube is coloured blue. Once coiled, this surface
remains blue if it is still the outer surface, otherwise the surface is coloured red if it becomes
the inner surface. Captured in these definitions is the sense and relevance for the position
of the axis of revolution in both BCST states.
(a) Direct unfurling (bottom figure represents the
negative curvature BCSTs in this chapter)
(b) Indirect unfurling
Figure 4.28: ‘Direct’ and ‘indirect’ unfurling (modified from [28])
The initial principal curvatures of a negatively curved BCST were shown previously in
Figure 4.10 and compared with a positive curvature BCST. The longitudinal curvature
along the centreline is negative and approaches zero at the edges of the cross-section (if
βy0 = pi), the points N in Figure 4.2. Variable laminate properties were also presented
in Figure 4.10 to demonstrate the effect introducing a second curvature has on the fibre
volume fraction ratio and thickness of the material along the cross-section (illustrated in
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Figure 4.9). These effects were accurately modelled such that the volume fraction ratio and
thickness are greatest at the point M and decrease along the cross-section towards the open
slit, as shown in Eqs. 4.22-4.24.
4.5.1 Modelling Bistability
The bistable cross-section results in Figure 4.11 for positively curved BCSTs indicated
negligible difference between constrained and unconstrained optimisation i.e. enforcement
of the free body moment condition in Eq. 4.18, and variable laminate properties on the coil
radius. Therefore an equality constrained MatLab optimiser is used (fmincon, interior-
point algorithm) with constant laminate properties to minimise the total BSCT strain
energy with respect to an n-term polynomial trial function which is used to parameterise
deformation of the BCST cross-section. An appropriate initial guess for the optimiser
is determined using MultiStart. Figure 4.29 shows the bistable coil cross-sections of
two negatively curved BCSTs. When comparing positive and negative curvature BCST
bistability, the specific longitudinal radius of curvature chosen is important. Two negatively
curved BCSTs are studied to highlight two possibilities of deployed configurations that may
be compared to a positively curved BCST, tubes with; 1) the same toroidal major radius
R or 2) the same longitudinal curvature along the centreline,
κ+x0(s = 0) = κ
−
x0(s = 0) (4.27)
labelled as point A. The principal curvatures for positively and negatively curved BCSTs
are denoted with ‘+’ and ‘−’ superscripts, respectively. These two configurations are colour-
labelled red and blue in Figure 4.29, respectively. For comparison, the positively curved
BCST from Figure 4.11 is plotted as a black line. The toroidal parameters modelled are
R = 80 cm, r = 1.6 cm and βy0 . Ten polynomial terms n = 10 and 200 cross-section points
are used. Specifically for the negative curvature tube with aligned centrelines (Eq. 4.27)
the major radius is R = 83.2 cm. The model results show that negatively curved BCSTs
produce 3.5% larger, hyperbolic-shaped bistable coils and exhibit 10% higher strain energy
in the second state. Although the coil size and residual energy for both negative curvature
tubes are very similar, suggesting this to be an irrelevant consideration, this may become
more important in high curvature cases such as R = 0.5 m. Throughout the proceeding
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results in which positive and negative curvature BCSTs are compared, negatively curved
tubes of the second type i.e. those satisfying Eq. 4.27 are modelled.
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Figure 4.29: Three BCSTs are modelled and their bistable coiled states compared
The resultant in-plane moments and strains of the bistable coils in Figure 4.29 are presented
in Figure 4.30. Although the strain profiles vary between cases, the moments are absolutely
identical. Coiling-up of the BCSTs is confirmed by positive ∆κx, indicating increase in lon-
gitudinal curvature. Likewise, flattening of the tubes is indicated by negative ∆κy - decrease
in transverse curvature. The edge moment constraint from Eq. 4.18 is accurately modelled
indicated by the transverse moment at the edge being equal to zero, the effect of which
produces known and observed edge effects. The edges of coiled positively curved BCSTs
are in compression whilst those of negatively curved tubes are in tension and 42% greater
in magnitude. Tension in the latter arises due to the extreme strains negative curvature
tubes undergo during deployment and stowing within the transition region (Figure 4.27)
due to direct unfurling (Figure 4.28). Consequently, a smaller range of BCSTs (with respect
to longitudinal curvature) with negative Gaussian curvature may be practically feasible, or
at least more difficulty to achieve, due to high strains within the transition region which
may exceed failure strain and lead to fracturing of the laminated composite material. The
transition region that encounters peak strain is not studied in this work.
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Figure 4.30: In-plane moments and changes in principal curvature and strain along the bistable
coil cross-section for each of the cases in Figure 4.29
The total strain energy is plotted as a function of the first two terms of the trial function, c1
and c2 in Figure 4.31 (similar to the coefficients in Eq. 4.25) with contours ranging from 10
to 2,500 Jm−1. The higher-order terms; c3, c4, ..., cn for these contour plots are determined
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via strain energy minimisation (MatLab optimisation) of a straight BCST with parameters:
R = 100 + 2r m (R = 100.032 m), r = 1.6 cm, βy0 = pi and n = 10 (Eq. 4.28 - superscript
‘−’ denotes negatively curved BCST modelling). These higher-order terms are then fixed
whilst the strain energy is plotted in c1-c2 space.
X−optimised trial func. =

x c1
c2 c3
c4 c5
c6 c7
c8 c9

=

−2.33× 10−5 [−99.992,−90.0]
[−0.025,−0.015] 3.94× 10−3
−2.80× 10−4 −1.07× 10−4
−4.13× 10−6 1.07× 10−4
1.35× 10−4 −1.17× 10−4

(4.28)
A broad analysis of strain energy in c1-c2 space is presented in Figure 4.31(a) using the
trial function range (for c1 and c2) and values in Eq. 4.28. (300 points are plotted for c1,
and 100 points are plotted for c2. The number of points is chosen to smoothen the contours
of the strain energy plots.) The contours are uniformly decreasing proportional to rcoil
from 100.032 m (outside of the x-axis plot range) until rcoil = 0.6 m, the location in the
plot at which the contours begin to change shape, and a local energy minimum is observed
about rcoil = 1.71 cm, c2 = −1.95× 10−2. This energy minima is consistent whilst a closer
inspection of the local minimum is presented within the inset figure, by adjusting the range
of the plots, to confirm an energy separation from the global minima along rcoil ∈ [0.3, 10] m,
c2 = −0.015. (In this instance, 100 points are plotted for c1 and c2.)
The bistable region is presented in Figure 4.31(b) and confirms the existence of a second
stable point. (100 points are plotted for c1 and c2.) The edge moment contour is also
plotted as red lines and the values labelled have units of Nm. The second stable point lies
on the zero edge moment contour, confirming the condition Eq. 4.18 is satisfied.
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Figure 4.31: Total strain energy and edge moment contour plot of a straight BCST (R =
100.032 m) in c1-c2 space
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4.5.2 Experimental Results: Straight & Toroidal
A set of experimental results are presented in Table 4.3 detailing the geometry of four
manufactured BCSTs; one straight and three with negative curvature. The predicted and
actual coil radii are presented for comparison. The toroidal BCST model closely matches
Iqbal et al.’s model [33, 150] for simulating the straight tube (Sample 1), however, both
models underestimate the actual coiled radius by approximately 60-80% with the toroidal
model achieving modest improvement. Underestimations of approximately 40-57% are also
predicted for the toroidal tubes tested (Samples 2-4). Two previously identified and likely
sources for this discrepancy are a mismatch between the laminate properties modelled and
manufactured, and the manufacturing process used for short toroidal samples. In addition,
assumptions and simplifications considered in the model e.g. no transverse stretching occurs,
the laminate is linear elastic and that the laminae are perfectly bonded, may comprise a
significant contribution. Despite these irregularities, the samples demonstrate the effect of
longitudinal curvature on the hyperbolic coil shape.
Table 4.3: A comparison between Iqbal et al.’s straight BCST model [33], the negative curvature
BCST model developed and experiment
Sample Initial geometry Second stable state
βy0 (deg) R (cm) r (cm) CoilIqbal (cm) CoilKnott (cm) Exp. (cm)
Sample 1 210 ∞ 1.75 1.65 1.86 3.00
Sample 2 210 46.8 1.70 - 1.97 3.10
Sample 3 210 26.10 1.70 - 2.20 3.10
Sample 4 210 26.10 1.70 - 2.20 3.30
4.5.3 Parametric Study
The predicted coil radii of positive and negatively curved BCSTs with respect to longitudinal
radius R and layup fibre angles are presented in Figure 4.32. Model results from Iqbal et
al.’s model [33] are presented for comparison with the toroidal BCST model for straight
BCSTs (R = 100 m).
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All forms of BCST produce larger coils as the fibre angles are decreased. However, negatively
curved BCSTs with small fibre angles of [±30◦/± 30◦] produce coils 23% larger than straight
and positive curvature tubes. This arises from the elevated strain energy produced by a
combination of relatively high longitudinal stretching - which occurs in negative curvature
BCSTs - and small fibre angles which are more aligned to the longitudinal axis.
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Figure 4.32: Predicted bistable coil radii for various braid angles and initial longitudinal radius of
curvature
The effects of adding a 0 or 90 degree middle ply on the predicted bistable coil radii of
positively and negatively curved [±45◦/± 45◦] laminates are shown in Figure 4.33. In
each case, the coil and cross-section radii are tightly coupled. Insertion of a 0 deg middle
ply increases the coil radius due to the elevated strain energy produced from an increased
longitudinal stiffness. Insertion of a 90 middle ply has little effect on the coil radii compared
to laminates without a middle ply. As the longitudinal radius is increased, the effect of
the 0 deg middle ply is enhanced to produce larger coils. However, negative curvature
BCSTs produce the largest coils due to the higher strain experienced during transition.
The longitudinal curvature has negligible effect on rcoil, rather the shape, until for tubes
of high Gaussian curvature R = 0.5 m and r = 6.4 cm, whereby the coil rcoil ∝ r2 and
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the effect of a 0 deg ply is enhanced further. These observations arise from the higher
strains experienced in the transition of negative curvature tubes, and a 0 deg middle ply
which increases the longitudinal stiffness of the composite to produce higher strain energy
which ultimately results in a coil 34% larger than one produced by a positive curvature
BCST.
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Figure 4.33: Effect of layup on bistable coil radii over R and r, including comparison with Iqbal
et al.’s model [33] for straight BCSTs (R = 100 m). βy0 = pi
A parametric study for the bistable coil radius for a range of initial longitudinal radii, cross-
section radii and subtending angles is presented in Figure 4.34. A wide combination of geo-
metrical parameters are modelled: R = [100+2r, 1+2r, 0.5+2r] m, r = [1.6, 4.8, 8, 11.2] cm
and βy0 = [120, 150, 180, 210, 240, 270, 300] degrees. Recall that the longitudinal radius of
curvature modelled in these negative curvature BCSTs are of the form R + 2r, the blue
line cross-sections in Figure 4.29 where the centreline curvatures are equal in both the pos-
itive and negative curvature BCST cases. The results are colour-coded for; low-curvature
( rR < 0.05) and high-curvature (
r
R > 0.05) as black and red, respectively, similar to the
analysis for positively curvature BCSTs in Figure 4.22.
The results demonstrate that the coil radius of negative curvature BCSTs is inversely
proportional to the subtending angle, and exponentially proportional to initial cross-
section radius. Although to a lesser degree, this relation is consistently observed for straight
BCSTs, with the opposite trend observed for positively curved tubes as previously discussed.
These relationships are relatively linear for low-curvature tubes, rR < 0.05 due to minimal
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Gaussian curvature change between the two stable states.
In the results, high-curvature tubes rR > 0.05 exhibit increasingly diverging coil radii with
initial longitudinal radius at smaller subtending angles. That is to say, the predicted coil
radius increases/decreases rapidly at smaller/larger subtending angles. A limit to bistability
is observed in three forms of these tube which were predicted unable to produce bistable
states, both of small subtending angles βy0 = 120
◦ and 150◦ for R = 0.5 + 2r m. This is
due to insufficient cross-section material being able to absorb and retain the large strains
involved in transitioning to the coiled state.
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Bistable coil cross-sections of tubes with geometry: R = 0.5 + 2r m, r = 8 cm and βy0 =
[150, 180, 210, 240, 270, 300, 330, 360] deg are presented in Figure 4.35 with the residual strain
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energy of the coiled states annotated with units of Jm−1. The results show the maximum
bistable coil radius (as measured from the tube edge s = w0/2) decreases with subtending
angle, and likewise so too the minimum coil radius (as measured from the tube centreline
s = 0).
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Figure 4.35: Cross-sections of high negative curvature BCSTs produced by various subtending
angles. Residual strain energy of the coil is labelled with units of Jm−1. R = 0.5+2r m (R = 0.66 m),
r = 8 cm and n = 10
In each case, the tube cross-sections exhibit negative Gaussian curvature with the exception
being in highly enclosed tubes which produce coils with significant edge effects. These edge
effects are not due to the edge moment constraint, instead these are regions of initially
positive Gaussian curvature (referring to the deployed cross-section of negative curvature
BCSTs subtending more than 180 deg) that are being conserved by undergoing strain so
to produce positive longitudinal curvature (‘barrel’-shaped regions). This principle was
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observed in positively curved, high subtending angle tubes and lead to the opposite effect:
positive Gaussian coils with edge regions of negative Gaussian curvature.
Furthermore, these observations help explain why more enclosed positive curvature BCSTs
produced larger bistable coils in Figure 4.23. Highly enclosed, positive curvature BCSTs
comprise of an increasing proportion of negative Gaussian curvature which produce rela-
tively large radius coils (Figure 4.35). In terms of the effects the conservation of Gaussian
curvature produces during transition, negative dominates positive due to:
• The principle for the conservation of Gaussian curvature causes:
– positive Gaussian regions in BCSTs to produce barrel-shaped coil regions
– negative Gaussian regions in BCSTs to produce hyperboloid-shaped coil regions
• Direct unfurling (Figure 4.28(b)) results in negative Gaussian BCST surfaces/regions
producing the greatest strain energy
The effects of these principles are observed in the highly strained transition region previ-
ously shown in Figure 4.27. Negative curvature tubes undergo greater strain and therefore
produce more residual strain energy in the second stable state as shown in Figure 4.36 - a
comparison between positive and negative curvature BCST bistable coils. Practical conse-
quences include the smaller design space for stiff negative curvature BCSTs due to higher
susceptibility to fracture within the high-strain transition. Also shown in the figure are the
coil radii and sagitta.
4.6 Concluding Remarks
Toroidal BCSTs with positive and negative curvature have been investigated and compared.
This work contributes findings for a subset of BCSTs (toroidal) to expand the established
literature, which until now has been almost exclusively focused on straight forms of BCST.
A new numerical model and manufacturing technique were developed capable of introduc-
ing curvature along the length to predict the uniquely curved bistable coil shape. Both
the analysis and experiments demonstrated the most significant effect of positive and nega-
tive longitudinal curvature is on influencing the ‘barrel’ or ‘hourglass’ cross-section shapes
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Figure 4.36: Residual strain energy, coil radius and sagitta of second stable states of positive and
negative curvature BCSTs modelled in Figures 4.23 & 4.35
of positive and negatively curved bistable coils, respectively. This observation indicates
consequences for the design and engineering of toroidal BCST deployment mechanisms.
Parametric studies were also presented that showed the effect of geometric and spatially
variable laminate properties on the bistable states. These results aim to further inform the
design of toroidal BCSTs for structural applications.
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Chapter 5
Helical Bistable Composite Slit
Tubes (Doubly Curved &
Twisted)
Toroidal or doubly curved BCSTs have been successfully modelled, manufactured and pre-
sented thus far, introducing a second principal curvature along the tube length by describing
shells as the surface segments of a torus [167]. The model developed and presented here
extends the doubly curved model by introducing a third twist curvature, to investigate he-
lically curved tubes as shown in Figure 5.1. Exploration of the design space is performed in
order to study the effects of multiple design parameters. This chapter presents a detailed
study of helically curved BCSTs that have: (i) initial longitudinal, transverse and twist
curvature (ii) non-uniformly curved cross-section shape; (iii) variable middle ply fibre angle
and; (iv) been manufactured for experimental verification. A variable middle ply fibre angle
is an additional consideration required in this helical BCST model that enables mitigation
of the twist of the deployed helix from manifesting within the coil. This unique concept is
detailed throughout this chapter.
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Figure 5.1: Rendering of a deployed helical BCST (left) and coiled (right) into its second stable
state
5.1 Modelling Tube Geometry & Curvatures
A toroidal or doubly curved surface may be described by sweeping a cross-section, typically
a circle, through an angle about an axis of revolution. Using this approach, a helix or helical
surface may be described by simultaneously translating along the axis of revolution as the
cross-section is swept about it. In this way, the doubly curved surface is extruded and
twisted out-of-plane in a corkscrew path about the axis of revolution. The helical geometry
is illustrated in Figure 5.2 with the helical tube surface, H0(α, s) expressed as follows,
H0(α, s) =

HX0(α, s)
HY0(α, s)
HZ0(α, s)
 =

R0 cosα
R0 sinα
αh
+ r

hT sin
(
s
r
)
sinα− cos ( sr) cosα
−hT sin ( sr) cosα− cos ( sr) sinα
R0T sin
(
s
r
)
 (5.1)
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where X-Y-Z denotes the global Cartesian co-ordinate system, R0 is the helical radius, α
is the swept angle about the axis of revolution, h is the height of the whole helix, r is the
cross-section radius, T is the helical global twist curvature (Section A.1, Eq. A.1), s is the
cross-section arc-length parameter and S is the helical spacing (vertical distance between
one helical turn). The deployed helix is the initial stress-free state, denoted subscript 0
and expressed as H0(α, s). The natural relationship between torus and helix can be seen
with the h parameter; when set to zero a torus is described, when greater than zero twist
curvature is introduced and a helix is described.
axis of revolution
Z
h
R0
α
r
R0
s
Y
X
S (one turn)
Figure 5.2: Helical tube geometry
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5.1.1 Helical Tube Curvatures
A helically curved tube surface has three curvatures: longitudinal, transverse and twist.
The initial longitudinal curvature - defined in the α direction - is expressed as,
κα0(s) =
R(s) cosφ(s)
R2(s) + h2
(5.2)
where R(s) is the helical radius of a point on the helical tube surface as outlined in Sec-
tion A.2 and the geometrical relevance of φ(s) is described in Section A.3.
Determining the surface curvatures of toroidal or doubly curved tubes was possible using
surface curvilinear co-ordinates comprised of two orthogonal directions: meridian and az-
imuthal axes, referred to as the longitudinal (along the length of the tube) and transverse
(cross-section) directions. Similarly, this co-ordinate system may be used for a helical tube
surface, however, once the tube surface is twisted or corkscrewed along the global Z-axis
to represent a helical tube (recall Figure 5.2), the surface co-ordinates also become skewed
and are no longer orthogonal. As a consequence, determining the initial transverse curva-
ture of the helical tube, defined in the σ co-ordinate direction which processes and spirals
about the helical tube cross-section (illustrated in Figure A.2), is more complex and re-
quires an approximation for the actual spiralling σ line, the details of which are presented
in Section A.4. The effect of twisting a doubly curved tube surface and producing a skewed
co-ordinate axis on the surface requires an approach to mapping points on the helical tube
to a cylindrical surface. The spiralling σ line, effectively the helical tube cross-section, is
mapped to the cross-section of a cylindrical coil as outlined in Sections A.5 & A.6. As a
result, the initial transverse curvature is,
κσ0(s) = κp(s) cosψ(s) (5.3)
where κp(s) is determined through applying Heron’s formula to the spiralling line segment
in the σ direction on the helical tube surface, and ψ(s) is the angle between the osculating
plane of κp(s) and the surface normal as shown in Section A.4.
The initial twist curvature of the helical tube is calculated by,
κασ0(s) = −
n(s) · vασ(s)
|vα(s)||vσ(s)| (5.4)
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where n(s) is the normalised surface normal vector in Eq. A.8 and vασ(s) the mixed partial
derivative of the surface, H0(α, s) accounting for the offset between the s and σ co-ordinate
axes (recall Section A.6), outlined in Section A.7.
5.1.2 Cylindrical Coil Curvatures
Parameterising deformation of the helical tube cross-section is achieved using a polynomial
trial function to describe the shape of the coil cross-section, H(s) (Eq. 5.5). This approach
is derived from proven methods used to model deformation of initially toroidal or doubly
curved tubes [167] with the additional consideration of twist by mapping surface points
from the helical tube surface (α-s co-ordinates) to a cylindrical surface (α-σ co-ordinates).
Employing this approach used previously for doubly curved tubes is suitable given that the
desired second deformed state is a compact and untwisted cylinder, expressed as,
H(s) =

HX(s)
0
HZ(s)
 =

HX0(α = 0, s) +
n∑
i=1
cis¯
(i−1)
0∫ ±s
0
√
1−
(
dHX(s)
ds
)2
ds
 (5.5)
where the swept angle parameter α is now redundant and omitted when modelling purely
planar cross-sections in the X-Z plane, n is the number of trial functions used, ci is the
polynomial coefficient, s¯ = 2sw0 is the normalised arc-length along the coil cross-section and
w0 is the width of the helical tube cross-section.
It follows that the principal curvatures of the planar curve - the cylindrical coil cross-section
- described by H(s), κα(s) and κσ(s) are,
κα(s) =
√
1−
(
dHX(s)
ds
)2
HX(s)
(5.6)
and:
κσ(s) =
d2HX(s)
ds2√
1−
(
dHX(s)
ds
)2 (5.7)
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5.2 Strain Energy
The strain energy generated in the tube when undergoing deformation is calculated using a
model derived from Iqbal et al. [33, 150] and more recent work [167] and takes into account:
(i) non-zero initial longitudinal curvature; (ii) non-zero initial twist; (iii) non-uniform trans-
verse curvature; (iv) longitudinal stretching and; (v) variable laminate properties dependent
upon the middle ply fibre angle, γ. The bending and stretching strain energies per unit
area [157] are,
ub(s, γ) =
1
2
[
∆κα(s) ∆κσ(s) ∆κασ(s)
] [
D(γ)
]
∆κα(s)
∆κσ(s)
∆κασ(s)
 (5.8)
and,
us(s, γ) =
1
2
[
α(s) σ ασ(s)
] [
A(γ)
]
α(s)
σ
ασ(s)
 (5.9)
where D and A are the bending- and extensional-stiffness matrices of the laminated com-
posite material, respectively. The changes in longitudinal, transverse and twist curvatures,
and longitudinal stretching are,
∆κα(s) = κα(s)− κα0(s) =
√
1−
(
dHX(s)
ds
)2
HX(s)
− R(s) cosφ(s)
R2(s) + h2
(5.10)
∆κσ(s) = κσ(s)− κσ0(s) =
d2HX(s)
ds2√
1−
(
dHX(s)
ds
)2 − κp(s) cosψ(s) (5.11)
∆κασ(s) = κασ(s)− κασ0(s) =
n(s) · vασ(s)
|vα(s)||vσ(s)| (5.12)
α(s) =
l(s)− l0(s)
l0(s)
(5.13)
where κασ = 0 due to no twist in the cylindrical coil and l0 and l are the initial and
deformed lengths of imaginary, parallel longitudinal ‘fibres’ in the helical α co-ordinate
direction (illustrated by the direction of vα(s) in Figure A.1, each parallel longitudinal
‘fibre’ produces a helical line curve on the tube surface),
l0(s) = R(s) secω(s) (5.14)
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l(s) = αHX(s) (5.15)
where α is the swept angle, ω(s) is the ascent angle of a point on the helical tube sur-
face:
ω(s) = tan
h
R(s)
(5.16)
The bending and stretching energies per unit length of tube are determined by integrating
Eqs. 5.8 & 5.9 across the surface,
Ub =
∫ ∫
A
ub(s, γ) dA = 2
∫ w0
2
0
ub(s, γ) · l0(s) ds (5.17)
and,
Us =
∫ ∫
A
us(s, γ) dA = 2
∫ w0
2
0
us(s, γ) · l0(s) ds (5.18)
where the cross-section width, w0 is assumed constant given transverse stretching is not
considered σ = ασ = 0 due to the tube length being much greater than the width,
l0  w0, and the tube cross-section is assumed to be symmetric about the centreline at
s = 0, the X-Y plane in Figure 5.2, therefore a factor of 2 and the limits of integration, 0
and w0/2 are used.
5.2.1 Strain Energy Analysis Using Constrained Optimisation
Modelling the bistability of helically curved tubes undergoing deformation to produce com-
pact cylindrical coils is achieved via total strain energy analysis using a constrained, non-
linear multivariable MatLab optimiser [169]. The built-in fmincon function and Interior
Point algorithm is employed in this analysis for its capability to handle both an objective
function for the strain energy and multiple constraints for the moment conditions applied.
Second equilibrium configurations are determined by minimising the total strain energy,
Ut = Ub + Us with respect to the longitudinal stretching, α the middle ply fibre angle, γ
and all trial function coefficients, ci:[
∂
∂α
,
∂
∂γ
,
∂
∂ci
,
∂
∂ci+1
, ...,
∂
∂cn−1
,
∂
∂cn
]
Ut = 0 (5.19)
Given that the tube is modelled as a free body and to ensure no twist manifests in the coiled
state, two equality constraints are applied within the optimiser. The constraints ensure the
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resultant transverse moment at the edge, and twisting moment along the centreline of the
equilibrium state determined by the strain energy analysis are both zero:
Mσ
(
s =
w0
2
, γ
)
= Mασ (s = 0, γ) = 0 (5.20)
5.2.2 Resultant Moments
The longitudinal, transverse and twisting moments are calculated as,
Mα(s, γ)
Mσ(s, γ)
Mασ(s, γ)
 =

D11(γ) D12(γ) D13(γ)
D12(γ) D22(γ) D23(γ)
D13(γ) D23(γ) D33(γ)


∆κα(s)
∆κσ(s)
∆κασ(s)
 (5.21)
where σ, ασ(s), A13(γ), A23(γ) and B(γ), the coupling-stiffness matrix, are each taken
to be zero due to neglecting transverse stretching and shear, and given an antisymmetric
layup.
5.3 Manufacturing
A new manufacturing technique capable of forming helical BCSTs was developed as shown in
Figure 5.3. The composite materials used are dry bidirectional glass-fibre braid, PP-resin
film and unidirectional-glass/PP prepreg with the latter used exclusively for the middle
ply of the laminate to enable tailoring of the middle ply fibre angle. Helical tubes are
manufactured in the following manner:
• Layup [±45◦/γ◦/±45◦] glass/PP laminated composite
• Form composite onto straightened flexible mandrel and wrap tightly with polyester
shrink tape - the first (transverse) curvature is introduced
• Integrate the composite/mandrel over a pre-curved heating element - the second (lon-
gitudinal) curvature is introduced
• Mount the composite/mandrel/heating element apparatus onto a helical support struc-
ture - the third (twist) curvature is introduced
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• Mount thermocouples, secure and insulate the apparatus for processing the sample at
190 ◦C for 20-25 minutes
• End processing, remove insulation and leave to cool to room temperature. Once cooled
remove thermocouples, shrink tape and the helical BCST from the flexible mandrel
Outer ply fibre angles of 45 deg are manufactured to ensure the highest possibility of achiev-
ing bistability in laminated composites. Early BCST research established bistable compos-
ites are possible to manufacture using outer ply fibre angles of between 30 deg to 60 deg [33].
Therefore, the helical BCSTs produced in this work of the form [±45◦/γ◦/±45◦] show how
the most reliably bistable helical BCSTs behave. The helical tube sample manufactured
and coiled in Figure 5.3 demonstrates how a helical BCST behaves when coiled, and how
the initial twist of the tube manifests in the coil.
Figure 5.3: Manufacturing helical BCSTs using [±45◦/±45◦] layup: A) highlighting the middle
ply fibre angle within the layup; B) forming the layup onto flexible former; C) the apparatus is
now mounted onto the helical support structure; D) processed helical tubes and; E) a bistable and
twisted coil
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When manufacturing composites it is common and difficult to avoid sources of error which
lead to discrepancies between the modelled and manufactured samples. This is particularly
the case for doubly curved and twisted tubes. The braid and unidirectional glass-fibre
angles may vary due to the hand manufacture process and significant wrinkling of the layup
occurs upon introduction of longitudinal curvature and twist into a straight tube, which
can result in non-uniformity along the length.
5.4 Results & Discussion
The following results are modelled for glass/PP laminated composites with the mechanical
properties in Table 5.1. One helical turn is modelled for all the results presented so that
the total helix height is h = S/2pi where S is the helical spacing per turn of helix as shown
in Figure 5.2.
Property Value/Range Units
Fibre modulus 240× 109 Nm−2
Fibre shear modulus 95× 109 Nm−2
Fibre Poisson’s ratio 0.22 -
Matrix modulus 1.33× 109 Nm−2
Matrix shear modulus 4× 108 Nm−2
Matrix Poisson’s ratio 0.35 -
Fibre volume fraction 0.5 -
Ply thickness 0.21× 10−3 m
Layup [±45/γ/±45] Degrees
Table 5.1: Glass-fibre and PP resin matrix mechanical properties modelled for laminated compos-
ites. A variable middle ply fibre angle, γ is modelled
5.4.1 Model Verification
The initial curvatures of a helical tube surface are modelled and presented in Figure 5.4. The
curvatures are plotted for half the cross-section along the spiralling σ direction, s ∈ [0, w02 ]
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to verify the geometry simulated in the helical BCST model. The tube modelled has: helical
radius of R0 = 1 m chosen due to the bistable behaviour observed for R0 > 2 m; a cross-
section radius of r = 1.6 cm which subtends βy0 = pi radians, dimensions associated with
the manufacturing capabilities of this work; with a helical spacing of S = 1 m, chosen for
the same reason as the helical radius.
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Figure 5.4: Initial longitudinal, transverse and twist curvatures of the helically curved tube. The
helix modelled is: R0 = 1 m, r = 1.6 cm, S = 1 m and βy0 = pi
The longitudinal curvature is a maximum of κα0(s = 0) ≈ 1R0+r ≈ 0.98 m−1 along the
centreline approaching a minimum along the top of the helical tube surface, κα0(s =
w0
2 ) ≈
0.2 m−1. The longitudinal curvature is non-zero along the top and bottom of the helical
tube surface at s = ±w02 due to twist curvature. If the tube were untwisted one would
obtain κα0(s = ±w02 ) = 0 m−1 as was the case for toroidal BCSTs which are planar, evident
by the fact that it is possible to lay a toroidal tube flat upon a surface such as a table, or
the X-Y plane in Figure 5.2.
The tube modelled has R0  r effectively resulting in constant transverse curvature, κσ ≈
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1
r ≈ 62.5 m−1 along the spiralling σ co-ordinate direction highlighting the near circular
cross-section of the helical tube as illustrated in Figure A.2. Conversely, in passing, tubes
of comparable helical and cross-section radii produce noticeably non-uniform transverse
curvature due to increased twist effect on the spiralling σ line.
The helical twist curvature is a minimum along the tube centreline, κασ0(s = 0) = 0.1528 m
−1
and increases along the cross-section nearer to the axis of revolution as expected. Galletly et
al. [153] and Ventsel et al. [171] show that the magnitude of twist curvature is proportional
to the distance to the axis of twist. In the case of the helical tube, the screw axis acts as a
proxy for the axis of twist.
5.4.2 Modelling Bistability
The helical tube modelled in Figure 5.4 is presented in Figure 5.5 accompanied by the
predicted second stable state: a coil, whose geometry is determined via strain energy min-
imisation with the moment constraints from Eq. 5.20 applied. A helix of one turn, R0 = 1 m
and S = 1 m is modelled with its deployed shape shown in the top of Figure 5.5, this he-
lical line is effectively the first term of Eq. 5.1. The helical tube cross-section with radius
r = 1.6 cm about this curve shown at point A is presented in the lower left of the fig-
ure, which is effectively the second term of Eq. 5.1. This approach captures the geometry
of a helically curved tube. Upon implementing the laminated composite material proper-
ties into a strain energy optimiser, which calculates the energy produced between relative
strains of the deployed and coiled states as outlined through Eqs. 5.10–5.13 and illustrated
in Figure 5.1, the second stable state is determined and presented in the lower right of
Figure 5.5. The predicted second stable state coil has a cylindrical radius of rcoil = 1.84 cm
and a middle ply fibre angle of γ = −2.19 deg, sufficient to counteract the initial twist of
the helical tube to produce an untwisted and compact cylindrical bistable coil. These are
the results produced from the constrained optimisation analysis developed and used. The
negative sign of γ indicates the fibre angle to the α co-ordinate axis within the laminate
(recall Figure 4.6) is in the negative Z-axis direction.
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Figure 5.5: Visualising the helical BCST modelled in Figure 5.4 and its second stable state (coil).
n = 11
Analysis of the residual moments along the coil cross-section in Figure 5.6 confirm the
constraints are satisfied for the predicted second stable state such that the transverse and
twisting moments are both zero at the edge and centreline, respectively (Eq. 5.20). The
effect of the moment constraints on the in-plane strains are shown in Figure 5.7. The trans-
verse moment approaches zero at the edge and twisting moment is zero at the centreline
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satisfying the free-free BCST body conditions and ensure an untwisted second state. These
influence the residual strains causing a build up along the cross-section near the edge re-
sulting in a barrel-shaped coil with a sagitta of approximately 0.4 mm, 40% the thickness
of the laminate. The consequences this has on the design of deployment mechanisms has
been discussed previously for toroidal BCSTs and in literature [27, 167].
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Figure 5.6: In-plane moments of the second stable state from Figure 5.5
The principal curvatures in straight (zero Gaussian) and toroidal BCSTs are observed to
undergo a rotation of 90 degrees during transition from deployed to stowed. This principle
is observed in helical BCSTs. The initial transverse curvature of the deployed helical tube
has a strong effect on the coiled radius. Although the residual longitudinal stretching in
the coiled helical tube is less than 0.3%, transferring between the deployed helical tube and
coiled state requires large strains, which involve non-linear geometric effects not considered
in this model, demonstrated by the mismatch between calculated and experimental bistable
coil radii in this work and others [33, 152, 153].
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Figure 5.7: In-plane strain of the second stable state from Figures 5.5 & 5.6
The total strain energy is plotted as a function of the two terms of the trial function, c1 and
c2 in Figure 5.8 (recall the trial function expression for X(s) in Eq. 5.5) with contour values
ranging from 0 to 2,500 Jm−1. The first term c1 represents the BCST longitudinal radius or
the coil radius once coiled. The second term c2, alongside the rest of the polynomial series
express the cross-section shape. The higher-order terms; c3, c4, ..., cn for this particular
plot are determined via strain energy minimisation (MatLab optimisation) of a BCST with
parameters: R0 = 1 m, r = 1.6 cm, βy0 = pi, S = 1 m and n = 11 (Eq. 5.22). These
higher-order terms are fixed whilst the strain energy is plotted in c1-c2 space.
Xoptimised trial func. =

α γ
c1 c2
c3 c4
c5 c6
c7 c8
c9

=

1.45× 10−3 −2.19
[−1,−0.952] [0.28, 0.29]
−1.18 6.51
−13.94 18.37
−14.60 6.42
−1.20

(5.22)
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An analysis of strain energy in c1-c2 space is presented in Figure 5.8 using the trial function
range (for c1 and c2) and values in Eq. 5.22. (200 points are plotted for c1 and c2). The
contours are uniformly decreasing proportional to rcoil from 1 m until in the range 1–
6 cm where a local energy minimum is observed about rcoil = 1.84 cm, c2 = 0.2829.
The bistable region is presented in Figure 5.8 to confirm the existence of a second stable
point. The total strain energy with respect to each trial function coefficient is presented in
Figure 5.9, where all eleven terms are presented for the second stable point in Figure 5.8.
The bistable state is highlighted by the red vertical line in each plot indicating the value
of that specific parameter, all of which correspond to the residual total strain energy of
22.08 Jm−1. Although the plot for c1 appears to show that the solution is not located at the
energy minimum, the disparity is negligible, approximately 0.05 mm between the vertical
red line and the visual minima located at c1 ≈ −0.9977, and arises arbitrarily from the
energy value tolerance set within the MatLab optimiser. (Notice the small range of y-axis
values that are an order of magnitude smaller in comparison to the other parameters.)
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Figure 5.8: Total strain energy contour plot of a helical BCST (R0 = 1 m, r = 1.6 cm, S = 1 m)
in c1-c2 space - the second stable point. The strain energy is plotted in units of Jm
−1
112
5.4. Results & Discussion
Interestingly, although the optimised coiled state is located at a energy minima with respect
to each trial function parameter which are each geometrically determining factors, the
middle ply fibre angle γ presents a clear outlier which is located near an energy maximum. In
principle this state should not be stable as indicated in this optimisation analysis, however,
in reality a composite is manufactured with a specific layup of fibre angles including the
middle ply angle γ which cannot be modified once produced. Therefore, this state is indeed
stable given that a helical coil of this layup will successfully coil and remain so because it’s
middle ply fibre angle is fixed to -2.19 deg.
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Recall the moment conditions from Eq. 5.20 must be satisfied in the bistable state, the effect
of which severely reduces the ‘solution space’ or range of possible solutions of trial functions
that produce both energy minima and satisfy the transverse-edge and twisting-centreline
moment conditions. The energy contour plot of the second stable region from Figure 5.8
is now plotted to include these moments in Figure 5.10. The moments are plotted as red
and blue lines (transverse and twisting respectively) and the values labelled have units of
Nm. The second stable point is located at the local energy minima and intersection of
the moments being equal to zero at their respective locations, confirming the condition is
satisfied. Once again, the plot shown presents the c1-c2 space. The moments exhibit similar
profiles as the strain energy in Figure 5.9 in all parameter spaces e.g. c1-c3, c4-c7, etc. and
are zero.
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Figure 5.10: Total strain energy and moments contour plot in c1-c2 space. The transverse-edge
and twisting-centreline moments are plotted with red and blue lines respectively. The strain energy
is plotted in units of Jm−1
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5.4.3 Middle Ply Fibre Angle Effects
The ABD stiffness matrix of the predicted laminate with layup [±45◦/− 2.19◦/±45◦] in
Figure 5.5 is,
ABD(γ) =
 A(−2.19) B(−2.19)
B(−2.19) D(−2.19)

=

5.22× 107 2.58× 107 −9.40× 105 0 0 0
2.58× 107 2.75× 107 1.04× 103 0 0 0
−9.40× 105 1.04× 103 2.58× 107 0 0 0
0 0 0 1.38 1.22 −3.5× 10−3
0 0 0 1.22 1.29 0
0 0 0 −3.5× 10−3 0 1.22

(5.23)
where A, B and D have units Nm−1, N and Nm, respectively. Compared to the ABD
matrix of an ‘unadjusted’ laminate [±45◦/0◦/±45◦],
 A(0) B(0)
B(0) D(0)
 =

5.23× 107 2.57× 107 0 0 0 0
2.57× 107 2.75× 107 0 0 0 0
0 0 2.58× 107 0 0 0
0 0 0 1.38 1.22 0
0 0 0 1.22 1.29 0
0 0 0 0 0 1.22

(5.24)
the effect of the middle ply on the elastic behaviour of the laminate is apparent. In the
‘adjusted’ laminate (Eq. 5.23), the non-0/90 deg middle ply results in a non-zero D13 which
increases the bending-twisting coupling such that upon bending of the laminate, twisting
strains will arise. The negative sign of D13 acts to minimise the residual twist moment and
curvature of the deformed second state - this is energetically favourable with regards to the
bending strains as can be seen in Eq. 5.8 when assuming the initial twist curvature of the
helically curved tube is completely mitigated in the second stable state coil (Eq. 5.12).
The absence of a fibre angle offset results in a twisted coil as shown in Figure 4.6. The
reverse of this principle is demonstrated in Figure 5.11 whereby straight, untwisted glass/PP
BCSTs of [±45◦/±45◦] are manufactured without a middle ply and instead the outer braid
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fibres are offset by an angle δ in 2.5 deg increments with respect to the longitudinal axis.
Although this alternative approach requires a manufacturing method limited to producing
short samples due to the maximum width of the fibre braid materials used, it successfully
demonstrates a method capable of mitigating, or generating, twist-upon-deformation in
potentially thinner and lighter composites. This method may prove difficult for tailoring the
coil size given the strong coupling between the outer fibre angles and the final bistable coil
radius. Careful adjustment of the outer fibre angles is required otherwise bistability is lost,
as is the particular case for the last sample shown (4). These types of laminated composite,
which can be characterised as [±45◦ + δ◦/±45◦ + δ◦], are not investigated further in this
work, however, they do form a tangential area of research interest for which a new scalable
manufacturing method is critical.
Figure 5.11: Initially straight BCSTs coil twisted to varying degrees proportional to the outer
braid fibre angle offset manufactured. The laminates are manufactured with fibre angles offset by
2.5, 5, 7.5 and 10 degrees to the longitudinal axis. Sample 4 is not bistable
The residual strain energy, transverse-edge and centreline-centreline twisting moments are
plotted with respect to the middle ply fibre angle in Figure 5.12. A fibre angle of γ = 0 deg
aligns to the longitudinal axis of the BCST. Points at which the transverse or twisting
moments are zero are marked (black dot). If both moments are zero (at their respective
locations on the coil cross-section) the fibre angles are marked on the strain energy plot
(red dot). The first helical tube laminate predicted to be bistable capable of producing an
untwisted coil is located at γ = −2.19 deg. As expected a second configuration located at
γ = 177.81 deg which also satisfies the moment constraints. A unidirectional ply (the middle
ply) exhibits the same properties in the two directions along its fibre direction, which are
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separated by exactly 180 deg thereby demonstrating the model has verified both laminates
are equivalent. The periodicity of the transverse and twisting moments Mσ and Mασ is
indicated by their identical profiles in the range -180 to 0 deg repeating over the range 0
to 180 deg. This observation further concludes that the optimised middle ply fibre angle
of -2.19 and 177.81 are in fact the same solution. These solutions are not located at strain
energy minima - quite the converse near maxima (also refer to the subplot for γ in Figure 5.9
indicating a strain energy gradient). However, this is not a problem as previously discussed
given the middle ply fibre angle is fixed once a composite is produced. Most importantly,
the moment constraints of the optimiser are satisfied and effectively exclude any other
configurations that may otherwise correspond to lower strain energy states. Furthermore,
the twisting moment is asymmetric about γ = 0 deg, unlike the strain energy and transverse
moment which are symmetric. This observation underlines the directionality captured in
the helical BCST model of both the twist curvature and middle ply fibre angle.
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Figure 5.12: Effects of varying the middle ply fibre angle of the second stable state
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The strain energy in γ-c1 space is analysed using a polar plot in Figure 5.13. The middle
ply fibre angle γ is plotted over the range -180 to 180 deg on the angular axis. The bistable
coil radius i.e. c1 is plotted in the radial axis and denoted with light-grey lines. Strain
energy contours are plotted from 0 to 120 Jm−1 with their values indicated by the inset
colour bar. For clarity the high energy region over 0 ≤ rcoil ≤ 1 cm is neglected. Finally, the
transverse-edge (red line) and centreline twisting-centreline (blue line) zero-value moments
are plotted.
A polar plot, given the rotational symmetry observed in the strain energy and resultant
moments with respect to the middle ply fibre angle indicated in Figure 5.12, provides
useful benefit by enabling analysis in the coil radius dimension, the c1 parameter space.
Equilibrium points are located at any and all points in the polar plot where both the
transverse-edge and twisting-centreline moment are zero. Each of these points is stable, as
verified by a positive-definite Hessian matrix (also referred to as the local tangent-stiffness
matrix). The moments have units of Nm. These are the constraints applied within the
MatLab optimiser and bistable states are located at the intersects of red-blue lines. The first
known solution is located at γ = −2.19◦, rcoil = 1.84 cm (and γ = −177.81◦, rcoil = 1.84 cm)
indicated by the black points. This type of visualisation offers a more intuitive interpretation
of the middle ply fibre angle analysis, and although two technically identical solutions were
observed in the previous plot, a true second solution is found in the polar contour. This is
located at γ = −68.68◦, rcoil = 1.72 cm (and γ = 111.32◦, rcoil = 1.72 cm) indicated by the
red points.
In principle multiple solutions should and do exist. A middle ply fibre angle offset from
either the longitudinal or transverse axes - either γ = 0,±180 or ±90 deg - is required
to modify the laminate stiffness resulting in the twisting behaviour due to deformation
sufficient to counteract the initial twist curvature of the helical tube.
The second solution fibre angle is offset by a greater amount from the transverse axis
(21.32 deg), than the first solution from the longitudinal axis (2.19 deg). A magnitude
difference between these offset angles directly arises from the ratio between the tube length
and width (1 m and 5 cm, respectively), approximately one magnitude difference. This
leads to a greater offset required from the transverse axis to achieve sufficient counter-
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twisting behaviour such that D(-68.68) = D(-2.19). The second solution, defined by the
zero-moments intersection, produces a smaller coil radius with lower strain energy. It is
no surprise that fibre angles aligned towards ±90 deg produce smaller coils in BCSTs.
The lower longitudinal stiffness of the γ = −68.68 deg solution, such that A11(-68.68) <
A11(-2.19), results in less stretching energy generated in the coiled state.
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Figure 5.13: Polar contours of strain energy and zero-value transverse-edge (red) and twisting-
centreline (blue) moments. The strain energy is plotted in units of Jm−1 and the moments have
units Nm
5.4.4 Computational Model & Experimental Results
A comparison between the straight, toroidal and helical computational models is presented
in Table 5.2 alongside experimental results. Samples 1–4 present model and experimental
results for the bistable coils of straight and toroidal BCSTs, extracted from Table 4.2. The
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helical model predictions are added for comparison - by simulating a pseudo-middle ply
with no mechanical properties - and show excellent agreement with Iqbal et al.’s established
model and the toroidal BCST model, however, discrepancy with experiment continues. The
identical toroidal and helical BCST model results indicate a more generalised BCST model
has been developed in the form of a helical BCST model. This numerical model is capable of
simulating straight, toroidal and helical tubes. Models 1–3 in the table present the various
model predictions for straight, toroidal and helical BCSTs. Model 1 is a straight simulated
BCST with infinite longitudinal radius and zero twist. The toroidal tube simulated in Model
2 introduces longitudinal curvature, with Model 3 finally introducing twist curvature.
Table 5.2: Comparison of BCST numerical models: straight tube (Iqbal et al. [33]), toroidal tubes
with positive curvature [167], helical and experiment. Note: ?pseudo-middle ply; ??γ = 0 deg;
???γ = −8.14,−53.55 deg; helical BCSTs manufactured with middle ply fibre angles of a0, b-5 and
c-10 deg
Sample Initial geometry Bistable coil radius
βy0 R0 r S rIqbal rtoroidal rhelical Experimental
(deg) (cm) (cm) (m) (cm) (cm) (cm) (cm)
Sample 1 210 ∞ 1.75 0 1.65 1.88 1.88? 3.00
Sample 2 210 25.10 1.70 0 - 1.88 1.89? 2.70
Sample 3 210 16.25 1.70 0 - 1.91 1.91? 2.90
Sample 4 210 150 1.70 0 - 1.81 1.83? 2–4.75
Model 1 180 ∞ 1.6 0 1.83 1.84 1.85?? -
Model 2 180 50 1.6 0 - 1.87 1.88?? -
Model 3 180 50 1.6 1 - - 1.76??? -
Sample 5a 180 35 1.6 0.5 - - - 1.3-2.3a
Sample 6b 180 35 1.6 0.5 - - - 1.8-2.7b
Sample 7c 180 35 1.6 0.5 - - - 1.6-2.1c
The helical model is capable of simulating a range of forms of BCST. Helical tube exper-
imental results are presented in Samples 5–7. No numerical model results are currently
possible to produce for these due to limitations of the model - the MatLab model is con-
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structed such that it assumes zero twist curvature in the bistable state and is unable to
simulate twisted bistable coils produced as a result from a specified middle ply fibre angle.
Three helical BCST samples of dimension R0 = 0.35 m, S = 0.5 m, r = 1.6 cm, βy0 = pi
and [±45◦/γ◦/±45◦] were manufactured with middle ply angle offsets of 0, -5, and -10 deg
from the longitudinal axis as shown in Figure 5.14.
Figure 5.14: Three helical BCST samples are bistable and coil twisted to varying degrees propor-
tional to the middle ply fibre angle. Sample labels from Table 5.2
Sample 5, manufactured with γ = 0 deg, clearly demonstrates a solution to the problem
this work sets out to solve which is also shown in Figure 5.3E, that is to counteract residual
twist arising in the coil due to the the initial helical tube twist, expressed by the S heli-
cal geometric parameter (Figure 5.2) and ultimately twist curvature κασ0 (Eq. 5.4). This
particular sample produces a highly twisted and conical shaped coil. The helical BCST
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model developed predicts that a [±45◦/− 9.12◦/±45◦] layup will produce a bistable coil of
radius rcoil = 1.83 cm. This is in agreement with the experimental observation. Samples
6 & 7 manufactured with γ = −5 and −10 deg respectively, agree with the helical model
and successfully mitigate twist in the coiled state. The smaller coil produced by Sample
7 underlines the observation in Figure 5.13 that a greater middle ply fibre angle results in
a more compact coil compared to Sample 6. Both samples appear to mitigate twist, this
may be due to friction arising between successive surfaces of the coil undoubtedly affect
the residual twist but are neglected in this helical BCST model. The helical model predicts
a second solution for bistability, a layup of [±45◦/− 54.3◦/±45◦] is predicted to produce
rcoil = 1.7 cm - this has not been verified through experiment.
Discrepancy between the numerical model and experiment may arise for a number of rea-
sons including mismatch between the simulated and manufactured mechanical properties
(Table 4.1) and errors arising from the difficulty in achieving uniform samples through hand
manufacture.
5.4.5 Parametric Study
A helical BCST parametric study investigating the effects of helical twist S, longitudinal
radius R0, cross-section radius r, subtending angle βy0 and layup ±α is presented. A refer-
ence helical BCST is modelled with parameters R0 = 0.5 m, S = 1 m, r = 1.6 cm, βy0 = pi
and [±45◦/− 8.14◦/± 45◦] which produces a coil of rcoil = 1.75 cm. The second solution for
such a helix is [±45◦/− 53.55◦/± 45◦], producing rcoil = 1.74 cm. This reference helix (de-
noted with ‘?’) is presented alongside computational model results in Table 5.3. The table
is constructed of adjusted parameters, maximum on-surface twist curvature κασ(edge) (de-
rived from Eq. 5.4) and the solutions predicted by the model. Four sub-contour polar plots
corresponding to each set of adjusted parameters are presented throughout Figures 5.15–
5.19.
Adjusted parameter: helical spacing S, Figure 5.15
Clear from this figure and the adjusted values for S in Table 5.3, that the middle ply is
proportional to the helical twist simulated γ ∝ S. The second solutions consistently produce
smaller coils and with lower residual strain energy. This is particularly beneficial for reliable
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long-term stowage due to weaker viscoelastic effects such as creep and relaxation which affect
deployability. A visual interpretation of the polar plot shows that as the helical twist S
is increased, the twisting-centreline moment line (blue) rapidly shrinks and rotates anti-
clockwise whilst the transverse-edge moment line (red) shrinks a little. These observations
demonstrate the effect of twist S on the middle ply angle γ and coil radius rcoil. The anti-
clockwise rotation of the twisting moment indicates the middle ply angle increases with
twist, as expected, and its shrinking highlights a convergence of the two solutions which
implies that only a single solution or none at all may exist in more twisted helices. This
is a hint for a potential limit for helical bistability that is not investigated further in this
work but could be in future.
Adjusted parameter: helical radius R0, Figure 5.16
As the helical radius is incrementally decreased i.e. longitudinal curvature increased, more
twist is present in the deployed tube. This is apparent recalling either the on-surface twist
curvature κασ0 in Eq. 5.4, or the global twist T in Eq. A.1 which clearly defines helical
twist as a function of helical radius R0 and S - in these analyses H = S/2pi. As a conse-
quence of increased longitudinal curvature, the middle ply angle proportionally increases to
compensate for the helical twist. This is particularly significant in the most twisted helix
simulated with R0 = 0.25 m (κασ0 = 1.81 m
−1) whereby both solutions converge - shown
in the figure, the two solutions are almost indistinguishable.
Adjusted parameter: cross-section radius r, Figure 5.17
Varying the initial cross-section radius resembles a more typical BCST analysis given that
the on-surface twist curvature remains constant and the known behaviour of rcoil ∝ r
is observed. This is visually interpreted from the figure by the increased radius of the
transverse-edge line (red) indicating solutions of larger coil radius. The twisting-centreline
moment line (blue) enlarges negligibly at a much slower rate in comparison, nor does it
rotate resulting in the transverse moment (red line) dictating the solutions. This is to be
expected for two reasons, in this parametric study: 1) the twist curvature is constant and
therefore the twisting moment has little effect and 2) coupling between the cross-section
radius r and coil radius rcoil results in the transverse-edge moment line being the primary
driver of the solutions.
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Increasing the cross-section radius increases both the tube width and contribution of trans-
verse stretching. The result for r = 6.4 cm suggests that implementing transverse stretching
y may be required to accurately investigate large cross-section tubes given its similar results
to r = 4.8 cm for rcoil and γ. Similarly erroneous results were observed in toroidal BCSTs
(Figures 4.22 & 4.34) of r/R > 0.05. The result for r = 6.4 cm has ratio r/R0 = 0.064.
Adjusted parameter: subtending angle βy0 , Figure 5.18
Firstly, there is little coupling between subtending angle and twist curvature and hence
its value remains relatively constant. The slight increase is related to the maximum twist
curvature which is located at the edge of the cross-section, closer to the axis of revolution
with shorter distance, or helical radius, to the surface point R(s) from Eq. A.2.
The first solution coil radii and middle ply angles are relatively uniform except for highly
enclosed tubes of βy0 = 2pi which produce the largest coils. This primarily arises due to the
increased proportion of negative Gaussian curvature in the cross-section as was observed in
toroidal BCSTs whereby highly enclosed and positively curved tubes produced larger coils
than negatively curved tubes (Figure 4.36).
The continuing observation of the second solutions for producing smaller coils is much
greater than observed in previously adjusted parameters. This is most likely caused by the
enhanced effect of the middle ply due to larger subtending angles i.e. larger tube width and
therefore any fibres aligned to the transverse direction are longer. Transverse stretching
may need to be implemented to accurately model high subtending angles, particularly in
helical tubes with middle ply angles closely aligned to the transverse axis ±90 deg.
The most significant variations are in the strain energy contours as visually interpreted from
the figure. Low subtending angles exhibit minimal residual strain energy in the second stable
state indicating a low energy barrier for transition back to the initial, deployed stress-free
state in addition to a low energy gradient throughout the γ-rcoil space plotted implying
further low structural stiffness. These shallow forms of BCST are relatively unstable i.e.
little energy is required to induce transition. In contrast, highly enclosed tubes such as
βy0 = 3pi/2, 2pi exhibit low energy ‘valleys’ concentrated about a specific coil radius rcoil
with high energy gradients radially implying high coil stability. This is an appropriate
interpretation to be made from the strain energy contour gradients, which show that in order
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to transition from either of the solutions e.g. unrolling the coil as would be characterised by
rcoil increasing, significantly more strain energy per unit of coil radius is required compared
to more shallow tubes of βy0 = pi/2 and pi. However, these highly enclosed tubes do require
an additional consideration with regards to practical feasibility given that high transition
strains are more likely to result in fracture and/or failure.
Adjusted parameter: outer braid angles α, Figure 5.19
Unique from the previous analyses, the effect of the helical BCST composite is simulated
by adjusting the outer braid angles α whilst the initial geometrical parameters including
twist curvature are fixed. Smaller braid angles i.e. fibres aligned to the longitudinal direc-
tion, produce larger coils due to affected bending stiffness, specifically characterised with
decreased D11 and increased D12 elements of the ABD laminate stiffness matrix. Recall
that the dominant parameters for the bistable coil radius are the initial cross-section radius
r and the laminated composite bending stiffness from Eq. 4.26 [155]. The observation of
this established principle concerning the strong coupling between the outer braid angles and
bistable coil radius rcoil ∝ 1/α, with the largest braid angles producing the most compact
coils e.g. rcoil = 0.85 cm from [±60◦/− 2.84◦/± 60◦], further verifies the helical BCST
model.
The significantly high laminate stiffness of helical BCSTs with large braid angles is evident
by noting their very small middle ply angle solutions such that γ ∝ 1/α e.g. in the case
of α = ±60◦, a small middle ply angle of γ = −2.84◦ is predicted sufficient to produce an
untwisted coil of rcoil = 0.85 cm. As a consequence, it may be possible to manufacture
helical BCSTs which do not require a middle ply so long as the outer braid angles are
sufficiently large to mitigate the majority of helical twist from manifesting itself within the
bistable coil.
Furthermore, the residual strain energy of the bistable coil is proportional to the outer braid
angle. The highly compact coils produced by larger braid angles e.g. α = ±60◦ induce much
higher strains than smaller braid angles e.g. α = ±30◦ which produce larger coils. This is
visually verified using the figure by the strong dependance of the transverse-edge moment
line (red) radius and strain energy gradients on the braid angle.
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Table 5.3: Parametric study of S, R0, r, βy0 and [±α◦, γ◦,±α◦] for helical BCSTs. A reference
helix of R0 = 0.5 m, S = 1 m, r = 1.6 cm, βy0 and [±45◦/γ◦/± 45◦] from which other parameters
are adjusted is denoted with ‘?’
Adjusted Max. twist curvature 1st solution 2nd solution
parameter κασ0 (m
−1) rcoil (cm) γ (deg) rcoil (cm) γ (deg)
S (m) Figure 5.15
0.01 0 1.89 0 1.77 -83.36
0.5 0.31 1.85 -4.49 1.80 -62.82
1? 0.58 1.76 -8.14 1.63 -54.31
2 0.91 1.40 -10.39 1.40 -23.44
R0 (m) Figure 5.16
100 0 1.85 0 1.74 -90
1 0.16 1.83 -2.19 1.75 -68.68
0.5? 0.58 1.76 -8.14 1.63 -54.31
0.25 1.81 1.21 -30.25 1.20 -30.84
r (cm) Figure 5.17
1.6? 0.58 1.76 -8.14 1.63 -54.31
3.2 0.58 3.27 -17.28 3.26 -41.38
4.8 0.58 4.05 -31.43 - -
6.4 0.58 4.21 -30.33 - -
βy0 (rad) Figure 5.18
pi/2 0.57 1.74 -8.03 1.62 -54.36
pi? 0.58 1.76 -8.14 1.63 -54.31
3pi/2 0.59 1.83 -8.47 1.55 -55.12
2pi 0.6 1.92 -8.96 1.90 -51.57
α (deg) Figure 5.19
±30 0.58 4.66 -28.79 - -
±40 0.58 2.41 -11.36 2.29 -48.47
±50 0.58 1.32 -5.78 1.19 -59.23
±60 0.58 0.85 -2.84 0.68 -67.25
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Figure 5.15: Polar contours of strain energy and zero-value transverse-edge (red) and twisting-
centreline (blue) moments for various values of helical spacing S ∈ [0.01, 0.5, 1, 2] m. The strain
energy is plotted in units of Jm−1 and the moments have units Nm. R0 = 1 m, r = 1.6 cm, βy0 = pi
and n = 11
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Figure 5.16: Polar contours of strain energy and zero-value transverse-edge (red) and twisting-
centreline (blue) moments for various values of helical radius R0 ∈ [100, 1, 0.5, 0.25] m. The strain
energy is plotted in units of Jm−1 and the moments have units Nm. S = 1 m, r = 1.6 cm, βy0 = pi
and n = 11
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Figure 5.17: Polar contours of strain energy and zero-value transverse-edge (red) and twisting-
centreline (blue) moments for various values of helical cross-section radius r ∈ [1.6, 3.2, 4.8, 6.4] cm.
The strain energy is plotted in units of Jm−1 and the moments have units Nm. R = 0.5 m, S = 1 m,
βy0 = pi and n = 11
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Figure 5.18: Polar contours of strain energy and zero-value transverse-edge (red) and
twisting-centreline (blue) moments for various values of cross-section subtending angle βy0 ∈
[pi/2, pi, 3pi/2, 2pi]. The strain energy is plotted in units of Jm−1 and the moments have units Nm.
R = 0.5 m, S = 1 m, r = 1.6 cm and n = 11
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Figure 5.19: Polar contours of strain energy and zero-value transverse-edge (red) and twisting-
centreline (blue) moments for various values of braid angle α ∈ [±30,±40,±50,±60]. The strain
energy is plotted in units of Jm−1 and the moments have units Nm. R = 0.5 m, S = 1 m, r = 1.6 cm
and βy0 = pi
A broad parametric study overview of the helical BCST design space is presented in Fig-
ure 5.20. The helical radius, R0 = 1 m and cross-section subtending angle, βy0 = pi are kept
constant whilst the helical spacing, S and helical tube cross-section radius, r are studied to
investigate their effect on the second stable state radius, rcoil and middle ply fibre angle, γ.
The results in the lower left of Figure 5.20 show that γ is linearly proportional to S for small
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r (linear proportionality breaks down for S = 2 m) demonstrating the coupling that exists
between the initial twist of the helical tube surface and the middle ply fibre angle required
to produce an untwisted bistable coil. The requirement for the middle ply to counteract the
initial twist of the tube in the coiled state is greater for larger r i.e. r > 3.2 cm given the
growing contribution of twist strain compared to the transverse strain, this is particularly
apparent in the results in the lower right of Figure 5.20.
Two types of helical tube are defined as: slender, S > 2R0 i.e. longer (in the Z-direction)
than wider (in the X-Y plane) per turn of helix and; short, S < 2R0 i.e. wider than longer
per turn of helix A square helix - defined as S = 2R0 - separates these two helical tube
classifications.
For slender and larger cross-section helices e.g. S = 2 m and r = 6.4 cm the second
stable state is rcoil = 6.63 cm and γ = −25.5 deg demonstrating the necessity for a greater
middle ply fibre angle to counteract the higher initial twist of the helical tube. In shorter
and smaller cross-section helices, the bistable coil radii are larger i.e. less compact, due to
the lower middle ply angles required as shown by the plots in the lower left and right of
Figure 5.20.
In short helices, the coil radius rcoil is proportional to the helical tube cross-section radius
r. Conversely, in slender helices, this behaviour is inversely proportional to the helical
tube cross-section radius and the middle ply fibre angle γ rapidly increases. These results
signify a regime change between short and slender helices characterised by the middle ply
fibre angle. Intuitively, slender helices require greater middle ply angles to counteract high
initial twist of the helical tube and yet may produce more compact coils given the inverse
relation between fibre angle and coil radius i.e. large fibre angles produce tighter coils.
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Figure 5.20: Effect of helical tube cross-section radius r and spacing S on the second stable state
radius rcoil and middle ply fibre angle γ. The helical radius R0 = 1 m and cross-section subtending
angle βy0 = pi remain fixed
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5.5 Concluding Remarks
Helical BCSTs with positive longitudinal and twist curvature have been investigated. Lead-
ing on from the toroidal BCST research presented, this work contributes findings for another
subset of BCSTs (helical) to expand the literature. A new numerical model and manufactur-
ing technique were developed capable of introducing out-of-plane twist curvature in toroidal
BCSTs and to predict the bistable coil size and shape. Critically, in order for the helical
BCST to coil neatly - that is, to exhibit no twist - it is essential to consider and tailor a
variable middle ply fibre angle in order to mitigate the initial twist of the deployed helix
from manifesting itself within the coiled state. This enables the helical BCST to be as com-
pactly stowed as possible for deployable spacecraft applications. Experiments demonstrated
the effect of twist curvature to produce a twisted bistable coil in the absence of a tailored
middle ply fibre angle. These novel observations indicate unique considerations required
for the design and engineering of helical BCSTs. Parametric studies were also presented
that highlighted the effects of helical geometry on the required middle ply fibre angle and
resulting bistable coil radius. These results are greatly beneficial for informing the design
of helical BCSTs for structural applications.
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Chapter 6
Conclusions & Future Work
6.1 Conclusions
New forms of BCST have been modelled, manufactured and described in this work with
two established categorisations presented: toroidal and helical. Toroidal BCSTs are doubly
curved with both principal curvatures initially non-zero in the deployed stress-free state.
Helical BCSTs are doubly curved and twisted out-of-plane.
Toroidal BCSTs
Investigating the bistability of toroidal or doubly curved BCSTs with non-zero Gaussian
curvature has been achieved and presented to characterise a novel form of bistable material
that may enable many high-value structural applications. This work studied the effect of
the initial principal curvatures and cross-section subtending angle (R, r and βy0) on the
second equilibrium radius and shape in positively and negatively curved tubes.
Two new manufacturing techniques were developed capable of introducing longitudinal
curvature into BCSTs to produce short and long toroidal tubes for experimental verification
of the numerical model. Model and experiment demonstrated that the initial longitudinal
curvature R was shown to have little effect on bistable coil radius rcoil and rather that
R affects the coil shape, specifically its sagitta. However, positively curved tubes produce
smaller coils than negatively curved ones, with these resulting in compact, barrel- and
hyperboloid-shaped coils, respectively. Additional differences arose between positively and
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negatively curved tubes with regards to the effect of subtending angle. In agreement with
the literature small subtending angles did not produce bistable results. However, in positive
curvature BCSTs the coil radius increases with subtending angle rcoil ∝ βy0 , whilst the coil
radius decreases in negative curvature BCSTs rcoil ∝ 1/βy0 . These two seemingly opposing
relationships between subtending angle and coil radius in positive and negative curvature
BCSTs may in fact be explained by the conservation of Gaussian curvature. Toroidal
BCSTs with negative Gaussian curvature were observed to produce larger coils. As the
subtending angle in positively curved tubes is increased, the proportion of cross-section
with negative Gaussian curvature is increased proportionally. This growing contribution of
negative curvature begins to dominate the coiling behaviour of the entire tube due the higher
strains required to conform these negative Gaussian sections into the positively curved
barrel-shaped coil.
Further numerical model development is required to reliably simulate highly and negatively
curved tubes (r/R > 0.05), which undergo much higher strains when transitioning to the
second state, and therefore produce relations such as r−coil ∝ r2. Validating the model results
for highly curved tubes could be achieved by implementing transverse stretching within the
model.
Helical BCSTs
A new numerical model is developed to investigate bistability in helical BCSTs with the slit
located along the ‘inside’ of the tube. This work studied the effect of the initial principal
curvatures, cross-section subtending angle, layup (R, S, r, βy0 and α) on the bistable coil
radius, and the effect of the middle ply fibre angle γ required to mitigate twist in the coiled
state.
A new manufacturing technique capable of introducing twist curvature into toroidal tubes
was developed to produce helical BCSTs for experimental verification. The middle ply fibre
angle γ was demonstrated to be critical for counteracting initial twist S or κασ0 manifesting
itself in the coil. Second solutions for the middle ply angle γ were discovered using polar
contour plots by analysing two moment constraints (transverse-edge and twisting-centreline)
through parametric studies of R0, S, r, βy0 and α to investigate these effects on γ and rcoil.
The second solutions enable more practical manufacturing of helical BCSTs given that
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the first solutions are relatively impractical due to the stiff prepreg used for the middle
ply, which require longitudinal cuts in the ply to allow for fibre movement to minimise
buckling during the forming process. Middle ply unidirectional strips aligned closer to
90 deg will produce much less buckling and more compact coils which are beneficial for
compact deployable structural applications, however, longitudinal stiffness suffers a penalty.
Furthermore, the second solutions are predicted to exhibit lower residual strain energy
in the bistable coil. This indicated they may produce more stable coils over time i.e.
encounter weaker viscoelastic effects such as creep and relaxation which affect the coil size
and deployment characteristics.
This work successfully demonstrates a new form of BCST which can be used for the de-
ployment and support structure of a new class of directional helical antennas for sensing
applications including maritime surveillance as illustrated in Figure 6.1.
uniform helix
ground plane
straight BCSTs
Figure 6.1: Deployable helical BCST antenna for small satellite sensing application. Five co-coiled
BCSTs, four straight and one helix, simultaneously deploy a planar square ground plane and helical
antenna structure
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6.2 Future Work
Addressing the assumption of symmetric cross-sections about the centreline in both the
toroidal and helical models will be a key advancement in future developments. Removing
this assumption is required to accurately model laterally curved BCSTs and their ‘cone’-
shaped coils (Figure 6.2). This improvement is similarly applicable to helical BCSTs given
that their irregular ‘cacoon’-shaped coil due to initial twist curvature and middle ply angle.
Figure 6.2: Deployed and coiled laterally curved toroidal BCST
This work has focused on bistable behaviour, however, static and dynamic analysis of
toroidal and helical BCSTs would be valuable for designing and investigating new structural
applications.
Given that middle ply is independent from the outer braid fibres, testing different material
i.e. thicker, stiffer and stronger fibres, could yield useful benefits. This area of work is
closely linked and may contribute to investigating the effect of embedded (isotropic) antenna
material i.e. copper strips or mesh, on helical BCST bistable behaviour.
Characterising alternative unfurling methods as described by Greschik e.g. direct unfurling,
is another interesting direction to develop the helical BCST model. This includes helical
tubes with the slit located along the ‘outside’ of the cross-section e.g. negatively curved
helical BCSTs. Further geometrical enhancements to the numerical models centre on non-
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uniform longitudinal curvature. This would result in the study of spiral-shaped toroidal
BCSTs and tapered helical BCSTs, illustrated in Figure 6.3 - the latter enables significantly
improved RF characteristics for helical antenna sensing applications. In the same way
that BOWL BCSTs required braid angle variation along the length, a similar situation
arises in hemispherical helical BCSTs which would require a varying middle ply fibre angle,
specifically larger angles at the free-end where the helical radius is much smaller.
tapered helix
ground plane
straight BCSTs
Figure 6.3: Tapered/conical helical BSCT antenna for improved RF characteristics
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Helical Model Appendix
A.1 Global Twist Curvature, T
In a broad sense the helical parameter, T describes the global twist curvature of a helix
with radius, R0 and height, h as:
T =
1√
R20 + h
2
(A.1)
A.2 Helical Radius, R(s)
The helical radius, R(s) is the magnitude of the helical radius vector, |R(s)| which is the
distance between the axis of revolution and a point on the helical tube surface. The helical
radius vector R(s) is H0(α = 0, s):
R(s) = |R(s)| =
√
R20 + (rhT )
2 + (rR0T )
2 cos2
(s
r
)
− 2rR0 cos
(s
r
)
(A.2)
A.3 The Angle, φ
Consider the surface normal, vα(s)×vs(s) and helical radius vector, R(s) of a point on the
helical tube surface H0(α, s). The angle between the planes the surface normal vector and
helical radius subtend is φ, as shown in Figure A.1. The cosine of the angle φ as used in
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Eq. 5.2 is:
cosφ(s) =
R(s)× [vα(s)× vs(s)]
R(s)|vα(s)× vs(s)| (A.3)
axis of revolution
Z
R0
r
s
vα(s)
vs(s)
R(s) n(s)
φ(s)
Figure A.1: Geometry of the angle φ
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A.4 Components of the Initial Transverse Curvature, κσ0
Consider the spiralling line in the σ direction on the helical tube surface as shown in
Figure A.2. The curvature of this line, κp(s) is estimated by applying Heron’s formula
[172, 173] to the osculating circle passing through three consecutive surface points A, B
and C which form a triangle of sides a, b and c. Using this approach the curvature of the
middle point B is found:
κp(sB) =
4Atriangle
abc
(A.4)
The angle ψ subtends the angle between the plane defined by points A, B and C and the
surface normal at point B:
ψ(sB) = 90
◦ − cos−1
(
nABC(sB) · nB(sB)
|nABC(sB)||nB(sB)|
)
(A.5)
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Figure A.2: Geometry of the initial helical tube transverse curvature κp and angle ψ
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A.5 Helical Surface Tangents & Normal
The surface tangents at a point on the helical tube surface, H0(α, s) in the longitudinal (α)
and cross-section (s) directions are,
vα(s) =
∂H0(α, s)
∂α
=

−R0 sinα
R0 cosα
h
+ r

hT sin
(
s
r
)
cosα+ cos
(
s
r
)
sinα
hT sin
(
s
r
)
sinα− cos ( sr) cosα
0
 (A.6)
and,
vs(s) =
∂H0(α, s)
∂s
=

hT cos
(
s
r
)
sinα+ sin
(
s
r
)
cosα
−hT cos ( sr) cosα+ sin ( sr) sinα
R0T cos
(
s
r
)
 (A.7)
noting that both tangent vectors are expressed only as functions of s given that the helical
tube surface is uniform in the longitudinal direction, α.
The surface normal vector is the cross product of the vα(s) and vs(s) tangent vectors. The
normalised surface normal vector is particularly useful when calculating the initial twist
curvature of the tube in Eq. 5.4 and is:
n(s) =
vα(s)× vs(s)
|vα(s)× vs(s)| (A.8)
The mixed partial and second order derivatives, vαs(s) and vαα(s) are also required in order
to calculate the initial twist curvature and are,
vαs(s) =
∂2H0(α, s)
∂α∂s
=

hT cos
(
s
r
)
cosα− sin ( sr) sinα
hT cos
(
s
r
)
sinα+ sin
(
s
r
)
cosα
0
 (A.9)
and:
vαα(s) =
∂2H0(α, s)
∂α2
=

−R0 cosα
−R0 sinα
0
+ r

−hT sin ( sr) sinα+ cos ( sr) cosα
−hT sin ( sr) cosα+ cos ( sr) sinα
0
 (A.10)
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A.6 Helical-Cylindrical Co-ordinate System Transformations
The three variables α, s and σ used to describe both the helically curved tube surface and
cylindrical coil subtend two co-ordinate systems. For the initial helical tube, α-s directions
are orthogonal. For the cylindrical coil, α-σ directions are orthogonal. Transforming be-
tween these two co-ordinate systems is achieved by looking at θ, the angle between the s
and σ lines as shown in Figure A.2 which is calculated as:
θ(s) = 90◦ − cos−1
(
vs(s) · vα(s)
|vs(s)||vα(s)|
)
(A.11)
This transformation is essential in order to determine the initial twist of the helical tube sur-
face in Eq. 5.4 and the principal curvatures of the deformed helical tube - now a cylindrical
coil - in Eqs. 5.6 & 5.7. This is achieved using, vσ(s)
vα(s)
 =
 ∂H0(α,s)∂σ
∂H0(α,s)
∂α
 =
 sec θ(s) tan θ(s)√R2(s)+h2
0 1

 vs(s)
vα(s)
 (A.12)
recalling that vs(s) and vα(s) are the surface tangents of the helical surface (Eqs. A.6
& A.7) in the α-s co-ordinate directions.
A.7 Initial Twist Curvature, κασ0
The initial twist curvature calculated in Eq. 5.4 consists of the normalised surface normal,
n(s) and mixed partial derivative vectors, vασ(s) of the helical surface. The surface normal
is given in Eq. A.8. The mixed partial derivative is determined by expanding Eq. A.12 and
calculated as,
vασ(s) = vαs(s) sec θ(s)− vαα(s) tan θ(s)√
R2(s) + h2
(A.13)
where θ is the angle between the s and σ co-ordinate systems (recall Section A.6) and vαs
and vαα are the mixed partial derivatives from Eqs. A.9 & A.10.
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